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A
Jfé ~r A ker($) = Im($)

Ickenﬁ{-\/in@ two elements thodt qo to the same element

%ives you the '\mage!
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*For groups PG > H ~ G/Ker(P) = Im(P)

» For rings PR™S ~ Rie(e) = Iml¥)

* For modules Y M —=N ~ M/Kerlr) = ImlP)

® FOV setfs Y>.‘ X -_9\r 9 X//\/}o = IW\(\F)

What about Ca",'egpries?



Counter example 03718

= IM(EE> = [P
B

¢ B B_g ) ¢ \
() = (b2
\

C/Ker(2) This is
undefined!
Z

What should. be identified?  B= B, go§ < h
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Quotient by kernels 04/18

Kek(‘f)EA
The |<€VV\€‘ ot ‘3: = 7[|l - lJ}

The quotient by Ker(f) = Ker(F) % A — Colg (T, 7.)

3

The guotient A/ Ker(£)

MDVPHSW\S ob'\'o..lV\eoL l:oy 'H'\is Process
are calleoL lfeau,a\r eP'[VV\D\rP\f\'ISW\S )
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Cer ()= A —— B

L8
Ke\r(ﬂ) :—_—; A
| 7
Aker($) Y
A
:
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kEk(fw) 2 Colim A

nN<w
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The image_ oSz o Vnorpln'lsw\ 06 /18

__ The smallest subobject A T

B | 3\\_; B/C’/
% , / Ve A -(_a’__)ﬂxv
A —B ZFacTo\rS 'H'\Pougl'\ ho proper B—B 'Fl ,fa/[’QIW‘
— A—=B is a strong epimorphism.
_SZ
A Foctorizotion STV.QP'I\&?- - IS unigue i exists.

B{c— The iw\age Im(F)



The Jundamentol heorem , categorically 01713

Ker($) =2 A — Im(f) = B

Remark ‘k /

{Regux\ O eFis} Yer(f)
N !

{strong epiST  (Aker$))/korlsy

— {Regm\ Ng e|>is]( i
T§ || . we have  A/ken(4)
{ Strong QP;S}

Tm ()
The fundamentnl Hheorem

ln?




The approximated fundamental theorem 08 /18
ProPosH'iov\ | [Kell\/ 69 . Gobriel Ulmer T ]

In o locally presentable category, the transfinite sequence

stabilizes of some ordinal A ,
A—>A = A= A
N’\ _FN) X'B

and gives an imoge Factorization (A/ Ker(£))/ - = IPNCY
§ Y .
A — A N A B N times
Str.epi. |l !

1m ('H



The decomposition number- 09/18
Definition. [Galokie‘, Ul mer /"I |, B'érger 'CH KN
The requlor (canonicel) decomposition number &(£) of A =, B
1s the smallest & ot which the seq. stobilizes ( Ac.otl tiso ).

AO,I Al,l A)_,B
A—>A A, —_))Ag

N&\Q; B

The g\obal reaulor (canonical ) decomposition number § (€)

0'5: aca’fegoky C s +he SMo.“eS’I' T s.t. S(‘F)Afw’b'
Tor ahy £ in C



Exaw\Ples 10 / |®

. GVP,Rihg.,Mod.deRi 0 =2

* Any regular category o< 2 Kor(5) =2 A t %
\’
+ &(Pos) =2 A/ Ker(F) = Tm($)

e S(Field)=1 (+ K =TIm® )

* 8(Cat) = 3 ([Bednarczyk,et.al. 49] )
Any STVOV\g ep| 1S ‘H’\e composiTe o‘S: Two \regu\a\r ePiS,



The decomposition number (ctn.) WAL

Pkoposiﬁov\ . [Gabrie| Ulmer "] kN.]
c: |ocouuy - PVQSQV\Ta.He = () N+

In Par'l’iculour |

C |oca\\7 'Fihﬁe'y P\reSeY\‘l'ab\e = ()T w+] ‘



’}K\\’\/B k B/h $ . §f 5 B \

vZeye | DR, PAN
2, L hes —]  §(2-Cot)
\V|/ B=B" T > Pe(h'f) TT=+o<k\p)

S(n-Cot ) =7

7

—inding the exact &

S ( DHCat) =7

I

Lo(eoal : a|| +he SO‘W\'iOY\S ol once .

12 /18
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Genevalized algebmic 'H\eory (GAT) 13 /1§

| [ Cortmell Tg]
GAT is on extension or a\gelomic theovies

in which you can use dependent sorfs (types).
Teat
— Ob
x :0b, Y:0b F— Mop(x.v)

L: Ob F tol(x): Mow (x)
x.,Y, 2 :0b , -f.‘: Moy-(x,\g), g:Moy(\j,ZB — c,omp(x,"j,Z,‘f‘.S.) . Mov—(x,z)

L:0b, F: Mor(x,) S (. x,y,id0), §) = T :Mor(x,y)



Using geneva\izeol algebraic ’rkeory [4 /|8

P roposition. [Cavae|/r18, Aclamek, Ros'tck)? 94 ]
e - locally ‘P}h]'l’é\)’ Pkesewrable & IAT:6GAT € >=Mod ()
Givey\ o GAT ']]', how can we know § (Mod(’ﬂ'“ ?

Observotion .
3 fF_ B ¢
h 7

7
>\""’>
oo
>
m\
| /5o
B
N
1ol

/ /
gop’ N
Ioleh'ri:fying A \%P\ Ioleh'fi{:yin@ terms of
non - dlependent terms . A Y C " "
ePeholehcy rank 1



The dependency rank ~v 8 15 /18
Definition. In o GAT T, we define the dependency rank dir(A)
Jor each well-Jormed type [ A by
dr(A) = max {or (B) | B appear in M} +1.

Example.  dir(0bY =1, di-(Mor(x ) =2
Theorem. [KN1 T non—descending  max dr(A) < n

Ain T
5V 3 MoN iy Mod(T) $(5)She 1, hence §(Mod(T) € N2

We call T a hon-o(esceno(ing i

o —l,.j:(x); B . Operofor symbo\ = odr(B) > max dr (A)
* [ Ft=5"B : oxiom At
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"'xa.wxples 16 1 |Q

e nCot = Mod (Theat )

o x,x20F 1(Ge,x), 2x:0,9y: 1(x,X)F2(x,2vv)
x'x/ :_Q | H',‘jrl H”: -‘-(x,xf), E:_):(I,I,,‘j,\jl) ’2/: 2_(1,7.,,‘1(:1‘1”) SR
Fov-comp( 2,2, Y,Y, Y7, 2,27) : 2 (x,x"Y,47)
dy(_v_\.) = hnh+ |, so S(V\COCCB <n+2. In ’Fa.C‘l'_, S(hCo:t\ = h+2
e $(strMonCat) = 3 .

* $(stvDblCat) = 4
e 3T :GAT with moxidr(AN =1. §(Mod(TN=w+1



guw\mavy 17 /1@
e The fundamental theorem of homomorphisms states that

strong epis & regular epis
* They do not coincide in general, but in |.p. categories.
Strong eP'IS & transTinite Composites of \regular epis.

* The number of Vegu'a.k epis neeoled (== decomposi’l‘ion humber )

can have an upper bound determined by the corvespono(incg_

GAT, which is the dependency rank + 2 (when hoh“O(eSCe_Y\O(iV\g)



Omitted fopics ([KNI) 12718

* The Vegulo.r o(ecom[;osi‘l'ion gives the mosT ef‘l:icie_v\‘l’ Way To Pmsewf

0 str.epi as a composite of reg.ep'ls.

) >
I
£, £, £ = S('H Shn
req. epis

e Generalizotion ofF the class of regular eFimehisms

(localization functors in Cat, eTc,)

e Finoling_ Cn upper bound of § LLSihg Qo Pkeseh’rodrion Qas
models of @ Four‘ria\ Horn -I'|r\eovy [PvOn]
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\Nhy do we take the strict upper bounol. * Al/A2

Fov cmy h <Ww,

S(E) = w thereis ¥ in C st S(5) 2z n,
OLY\Di‘\’YOuY'(\y but every F in € has SH)<w,
|akg_e finite

o) There s ¥ in € st. S(F) =w,
Cgu;;\? and thet is the upper bound .

A—>A —>A, > ~2A,» - — colim An X 6(8)= w



Misc A27A2

Vﬁ in B 3 T,:l,-..,‘)cn

$:A—1B is a str. epi & sur) on ob) + _
d =lf)e- o & (%)
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