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The fundamental theorem of homomorphisms

+ m A/Kerif) = Imif)
B

Identifying two elements that go to the same element

gives you the image !
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· For groups 4 : G -+ H us G/KerlY) = Im(Y)
& normal subgroup

· For rings 4 : R- S ws R/ker(y) = Im(Y)
* ideal

· For modules Y : M + N - M/ Ker(y) = Im(Y)
& submodule

· For sets Y : X + Y m X/ny = Im(Y)
& equivalence relation

What about categories ?
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Im (호 )
e ·

A
→

B g ) , ( A
f
ㄱ
B g

)( + Bi is

」

e /Ker(I ) This is
undefined {
{

What should be identified ? B = B'
,
got = h
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=> ((/Ker(E))/KerIEl = Im(I)
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Ker(f)
*
3A Kerlfi =

The Kernel of f = . !
-

If { la ,a' f(a ) = flas}
A
f
' B

The quotient by Ker(f) = Ker(f) A-> CoEglit , it2)
㉒

4

Thequotien A/kerlf)
-

Morphisms obtained by this process
are called regular epimorphisms.



/A sequence of regular epimorphisms 05 18

f
Keulf) ; A B

↓ fi 7
저
^

Ker (f . ) ⇌
.

A ,

a

A/Kerlf) Ψ

Az
fu

↓
:

↓
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/The image of a morphism 06 18

The smallest subobject A f > B
E
g/ B'Y

g
A -> B' factors through no proper B" c- B' 含点簿
" AG, B is a strong epimorphism.

if pullbacks exist
f

A > B
고 7A factorization is unique if exists .

str
.epi. . 5 IT mono

比 The image Im(f)



/The fundamental theorem
, categorically OM 18

Keulf) ; A > Im (f ) > > B

Remark ↓ ≡ 7

[Regularepis] Akerif)
:

시 Ψ

[ strongepis] (A/Ker(f))/Ker(fi)
↓

[Regularepis] :

If "
1
we have A/ker(f) =c ImIf)

[ strong epis]
= The fundamental theorem
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Proposition. (Kelly '69 . Gabriel, Ulmer '771]
In a locally presentable category, the transfinite sequence
stabilizes at some ordinal X,

A A ,
x ... AxE Ant

f , fx , t
f B

and gives an image factorization (A/Kerlf)) ... =Im(f)
f ~

A()Ax > > B X times

Str. epi . Il mono
(

ImlP



/The decomposition number 0918

Definition. (Gabriel , Ulmer 77I , Börger'91 ,
KN.3

The regular /canonical) decomposition number SIf) of Af> B
is the smallesta at which the seq .

Stabilizes /Ac+: iso)·

A 0
, 1

Al
,
2 A2,3

A A, Az -Az ...

f , fz...

f
"
3 B

The global regular /canonical) decomposition number S(2)

of a category) is the smallest s .t . Slf) S

for any f in 2.
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· Grp , Ring ,Modulep : S = 2

· Any regular category : G 2 Ker (f) > A
f
, B

↓ 末
· S(Pos) = 2 A/Kerlf) = ImIf)

· S(Field) = 1 ( .: k = Im(f))

· s)(at) = 3 ((Bednarczyk , et .al . 199] (
Any strongepi is the composite of two regular epis.



/The decomposition number (th .) 11 IS

Proposition. [Gabriel , Ulmer'"71 , kN . ]

2 : locally X-presentable (6(2) =X+·

In particular,

2 : locally finitely presentable=> S1C1Sw+ 1
.
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k Ψ
\(*何楽) B ' 1 >B 1 청+이k1 < hog A

x
1 1 < hof m 812-Cat) = 4 ?

V B = B
'

T1 < No (hY] 公
τ = 4 。 (hφ )v

h

B
h ~(*國燕。 hof = l

⑦ (⇒ : :
θ ⑩

hogak A g追℃
m m

8) (n-[at) = ?
S (Db/Cat) = ?

δ ( Polyact ) = ?
⇌

∠
∠

Ideal : all the solutions at once !
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(Cartmell 178]
GAT is an extension of algebraic theories

in which you can use dependent sorts /types).
e
.g. That

Sorts 1 -o

x : Ob
, Y : Ob - Morlx .y)

Operators2 : Ob t id(x) : Mor( ,x<)

, Y , z : Ob
, f : Mork ,y) , 9 :Morly , z) + comp(x .y . z , f . g) : Mor(i , z)

gof

Axioms2 : 0b
,
f : Mor(x ,y) -comp(,,y , id(x) · f) = f :Mork

, y)

foid -f …



/Using generalized algebraic theory 14 IS

Proposition. [Cartmel 178 , Adamek , Rosicky '94]

2 : locally finitely presentable T : GAT C = ModITT)

Given a GAT It
,
how can we know 6(Mod (TII) ?

Observation.

8 gΨ 7
B

( £ B

,

"

; c) "A
→ > A n

" 3 c

7

B = B
'

'

gof = h

Identifying *
(

5 :) Identifying terms of
non-dependent terms . "

dependency rank 1".
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Definition. In a GAT It
,
we define the dependency rank dr(A)

for each well-formed type T1A by
dr(A) = max[dr(B) / B appear in 13 + 1 .

Example . dr(0b) = 1
,
dr(Mor(x ,y)) = 2

Theorem
. [KN .

] I : non-descending, max dr(A) = n
m～

↓ A in TT

->> v g : M+ N in Mod(TT) S(f) < n + 1
,
hence S(Mod(Tt)) < n +2

We callIt a non-descending if
· Ttf(x) : B : operator symbol

> dr (B) > max dr(A)
· Tt t = 5 : B : axiom

A in T



/Examples 16 18

· nCat = Mod (Tincat)

Sorts 10, ,
'

: 8 + ((x ,x), x ,
'

: 0
,
y .% : /( ,x) +2(x , x, y ,Y)

operators x ,X' : @
,
y ,y, y" : 1 (x ,x) , z : 2 (x ,*: Yiy') , z' : 2lx ,x, y,y")

' .

↓ v-comp(s ,
'

, y , y , y
"

,
E
, z') : 2 (,, y ,Y") …

d (1) = n + 1 , so SInCat) < n + 2 .
In fact

, SInCat) = n + 2 .

· SIstrMonCat) = 3
.

· SIstrDbICat) = 4.
↳

not non-descending !
·ITT : GAT with max(dulAt] = 1

. S(Mod(T)) - w + 1
.
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· The fundamental theorem of homomorphisms states that

strong epis E) regular epis

· They do not coincide in general , but in 1
. p . categories.

strong epis E transfinite composites of regular epis .

· The number of regular epis needed 1= decomposition number

can have an upper bound determined by the corresponding

GAT
,
which is the dependency rank + 2 (when non-descending) .



/Omitted topics ([kN .J) 18 18

· The regular decomposition gives the most efficient way to present
a str

. epi as a composite of reg . epis .
f

、
い

=> S(f) -n
figfs n
reg . epis

· Generalization of the class of regular epimorphisms
(localization functors in Cat

,
etc. )

· Finding an upper bound of S using a presentation as

models of a partial Horn theory [PVOM).
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Thank you !

hayatonasu.github .
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& will talk more about GAT/clans) at FMCS :



/Why do we take the strict upper bound ?
AI A 2

For any n
< W,

←S(e) = w → there is f in I s
.
t

.
S(f)zn

,

arbitrarily but every f in 2 has S(f) < W.

large finite

There is f inI s . +
.

S(f) = w
,

S(2) = w + 15)
countable

and that is the upper bound.

* A, xAzx... --> An +... " colimAn X S(2) = w
n -w

≠
dsll ~ S(e) = w+ 1

s Im(f)



/Misc A 2 A 2

# : A + 13 is a Str . epi E) surj . on Obj . +
"ginB * f , . ... fr

g =
五

1 fn)… 。巨( f、)


