These slides have errors: The pullbacks in the page 18 and the appendix may
not be correct, what we have is the pullback along the forgetful functor from
the 2-category of cartesian equipments to the 2-category of cartesian fibrational
virtual double categories. The correct statement can be found in [1].

REFERENCES

[1] Hayato Nasu. Logical Aspects of Virtual Double Categories. Master’s thesis, Kyoto University, 2025. https://
hayatonasu.github.io/hayatonasu/Papers/masterthesisupdated.pdf
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The Tst L\(xH‘ is [)aseol on join‘l‘ work with Keisuke Hoshino availoble on ArXiv:

‘ . .. “
Hoshino, N. , ‘ Double cotegories of relations Yelo:h ve to ')cacfomsa'hon systems (2023)
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Double categories
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A double category D consists oF the -g'o[\owina data - . .
_objecfs A,B,C, .. 3.‘:1 _ -F\l
- vertical orrows -F,J),\ ... ond their Composfﬁor\ |
B ¢ ¢
- korizoh‘fo.‘ orirows A -—’!l—> B . e omoL ﬂ\eir COmPosiﬁon
R
‘ce“s A—+C -E?i)' = .L._L.
Hoo |+,
8 D e

15
with oppropriate doto. of composition and axioms, :l[—|—) -+

In Pa#icu'o.r, _:_’l _Hl

- (objecrs, vertical aw'ows) gives a cotegory (‘I‘he vevtical Cocregovy\ , and

- (objects, hovizontal arrows, horizontal ce"s) gives a l)icafegory <'l'ke horizontal bicadtgov-y)

—>
c e |l



EXOLW\PIES o double Ca'('eg,ories
R&‘ : the double category of

sets, functions , and relations

composiﬁon oF kpv-{zon‘l‘n.l orrows .

R
A—+—B —?—)C

-_:{(&,C) 3‘)8

(b.e) eSS

(e.b) € R%

idewﬁ'ry horizontal arrows :

A=A
={(a.0)| a=or]

cells :  aA—85c
$£] ~ s

o nl

& (a.c)€R = (fa,9c) €S

4/19
gFo,v\ . 'l'ke douHe Ca'feg_o\ry o'f‘
sets, Yunctions , and spans
A SPM ‘Fkom A to B consists o‘f
Aeftﬁ R B
composition of horizonte| arrows
AR S-C .
Qk l/v\ "s
= AR S—>C
"ll\’ B‘/ls
cells : A_;&_,C A(ﬁ-R-rL’C

3] o« 8|4 @alta ls
B——D B¢ S »D
S Ls re




Feotures of double cotegories of relations / Spans 5/19
R($:9)

* A vestriction R(F:3) oF A —+—>C is the universal cell of this form -
£l cort. |9
B — D)
X —QH\I X a—Qi—)Y
h] k W] T |k
’Fl l% ‘?l cort 19
B——D B——D

BTD

A
® A (‘iomue co.‘regovy D (S cartestan (: has Finite Pkootu.c‘('s) I‘F [D — [Dn

has o \rig_l\'r ao(join‘r in DM . Rel is corfesion with the obvious cartesian Structure
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DouHe ca’regovies o‘f' ye|aﬁons ke|od'ivizeol

Relations are o special kind of spans : Jointly monic spans.

2,
A‘I_R’L’B is arelation & R<_¥>’A"B € Mono

Replo.cina Mono with other classes of morykisms, we have o variety of notions of relactions .

An orthogonal factsrization system (oFS) on a category € is a pair
of cloasses oF Mov?kism (E.M) such that:

(i) E and M oare closed under ComPosiﬁon and contain Isos .

(“) E a.'\d. M [ 12" o)—‘ﬂ\.og_om' . 3( e —o
Es|2Z] em
(i) Every movPNsm m C is Foctred as -T- —e.
()}
E M

Tt is colled stable i+ E is stoble wnder Pu(lback_
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From an SOFS (E.M) oh & cafegory C, we construct the double Category RQI(E.M) (C)
consisting of the objects, the arrows, and the M-relations

Ik I R

R
I« \ K BT x
5l & |8 L« wﬁk{ugm.a IxK

s {H/’S& r (fs.vey: S =L

The composite o I LJ ik K is defined in the -Y-o”owing way .

? P\a‘p
(1) Take the Pu“bo.ck R v Q . Pl/ \q—:
‘/ke IR'/K\’} Qy@\ - |<
SNA N, SN

E@\)S P "</£,7\f>

N
M

(2) Foctorize as

and. define I—l}—’J —cQ—)K :=I—|:—’|< .



Douue ca'teg,olries o;' velaﬁohs kelocl'ivized
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'Tkeorem [HN 23] For a douue CA’('egolf)r [D , -fke &"owing_ ore %afvde.nl‘:
MD= R"—‘(E .M)<t) fo- some SOFS (E.M) on some ‘F'nr\iler Cnmpk‘(’e category C

(2) D is a cortesian equipment with Beck-Chevalley Pu“lw:l:s

and odmits the M-comprehension scheme

If these hold , the classes M in these are the same.

N4

:

Described in terms of

... / .
e— | double categories.

€ Regular categories

Lex categories

Quasitoposes

(E.M) (Rengi , Mono )

(Iso, All)

( Epi, S‘trong,MOM)

Re‘(g,m (t) DC o relations

DC of spans

DC of strong relations
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OFSs
SOFSs

Rel by HN.

v

Double ca‘teg_ories
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laica‘l‘eg_or-ies' of
relations

Ly Ke||7 'Q|

w

N OFSs
SOFSs

Bicafegolries

Rel Ly HN.

v

Double ca‘teg_ories
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Bicafegolries

Taki hg
the hovizonts|
bico:rego»«y,

laica‘l‘eg_or-ies' of
relations

Ly Ke||7 'Q|

ete.

N OFSs
SOFSs

v

Rel Ly HN.

Double ca‘teg_ories

9/19



SOW\E ’Fkameworl:s and. their connection 9/19

Fibrations
Allegovies ( Bicategories ) B brafiors
bicotegories of
Yx).'i?onses \ OFS S /'Fo.dorizn:ﬁon fibrations
by Kelly a1 SOFSs by Hogs, Jacoks 03
Taking ete.

the horizonta]

‘oico:tegoky ) ﬂle I

AN

Double ca‘teg_ories
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« . . L
doctrines and corfesian hco:(’egoneQ'
by Bonchi etal. 2l

£

Fibrations
Bifibrations

Allegories ( Bicategories )

>N
7

|

Bico.feg_ories of /
relations \ O FS S Foctorization Fibrations

Ly Ke||7 'Ql SOFSS b) HUQ_S, Jacol»s .-03
T&k'lhg. ete.

the horizonta]

’oico:regory. Re|

Vv

Double ca‘teg_ories
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(/4 . - . e
doctrines and corfesian hco:(’egones

by Bonchi et.al. 2| . Fibrafions
Allegovies ( Bicategories) | ¢ 7 Bifibrotiors
|
bicategories of
Yelo.'l?ons \ OF S S /'Fo.d‘okizaﬁon Fibrations
by Kelly 9 SOFSs "y Hogs, Jacels 03
Taking itk h

the horizonta] \L Q

Virtual double cafegorie\s/
'

Double caTeg_ories

bi category

N

ExPecTeoL construction
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A 'S'\.ll)Y‘O.'HOh € L B IS co.”ed PYimaYy if B and oll the 'Fibev-s EI hove

*
‘Fin'\'fe Pkoduc‘l's aho( a“ ’r‘\e reinolexing_s €3 u—’EI Pr—eserve +L\em_
A PHW\O.V)I fibration is called. existential i": the reimo(exing,s

E;r E’ E\Iﬁj 'Fok o.” Iond J have o le%‘ adjoiwt and 'Hr\ey S‘aﬁS‘S:Y

the BECk'Ckeva“ey condition and. the Frobenius VeciP\rociTy.

JioF(1,)) 1 F(1.3)
& L &g

CH) —— PO

I TR A D PG

T 3101 (1Y) 2P6)




Classes of Fibvotions 1119
The Beck-C l«e_val[ey condlition ‘S:ov- exisTewl‘ia‘ { ibrations

(iole=uf"
E'_[x]' - E Ixk
3 . . . ) . )
:.31 l/ lEJ:,k gwen vio ‘Hne mofe ConStruction (s an (samorPklsm,

Ej F’Ek

The Frobenius kecin-oci’ry 'S:ov- exisTewﬁal 'S:iLvoj'ions .

iok > 75
€1y = €5 — 2
Ix) x J — EIR]’ * E:KJ' — EIxJ , . o
Ay = id l - lBIJ 9glven vio. the mate construction
€5 * €5 x > €5 IS an isomorPl\isw\_

Examﬂe'. For an OFS (E.M) ona 'fiv\h‘ely complete category &

- cod
C > M— C is o Pk]mmry ‘?ikro:ﬁom_

F (E.M) s STa\t3|e, then 1T is E\emevﬁa}-y and exis‘fen‘l'ial_
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31'3 (\"(-}_:L ) :j))ﬂ,:_'" 3i:T.e(i, 3 )

The BC condition © Ji:T. PG.wk) = (Fi:I. €G.3)) [ulky;)
The Frobenius kec?Procf'fy : ai:I.[\P(i.k) /\"f‘(k»E(ai:I,\(’(i,k\) A (k)

Ex&mPle' Forr an OFS (E.M) on a finitely complete category &

E /V\ ﬁ? C IS o FHW\OJr/ ‘S: Lko:hotq

5 (E,M) i stable then it is existential
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A VikTua| double category (VDC) D consists 0‘9'
 objects

(4 U

. Ver'l'ica| orrows * kovizon‘l‘a‘ Orrows
. ViYTbLoJ Ce”S Ri Ra

Ay —— A, —— - A« Po:fks of finite Iengfk
'Fol X l‘}l
> B,

r
w ifkou:l' composi'ﬁon

Bs 2

with composition

B, ., oa} = 1_0"1_)1 1_0,(1,1

Restrictions and. corfesianness ore O(E'Fineo(

' Baadiibnid 4 o -3

J ! gy x|

S'Imilarlx/ to those For double categories. L o | I cart. l
e e P e ———

A voc D is colled Sibranr (Fvbc) i¥ oy niche has its restriction



From Tibrotions to VDCs 14/19

Cor\sﬂrucﬁoh

c
Pl primary tibration ~> o carfesian Fibrant VDC V(1)

B
* The vertical Po.r‘l' oF Yip) is B.

o The horizoh'('al aHows A—R|—>B are the o‘:;_je_cfs R e gAxB.

e T|r\e vir’ruo.‘ cells Ao —'—’A( — Az ore the orrows

o o 13
0 — B,
k: Tt Ri A Tx Ry — S obove AoxA <A, é/\ xA,ﬁ—ﬁ)B =B,
n E -M -B .

T]’WV\ \y gives Q 2"}IAY\CTOY PFIMFiL éFILVDHw
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An OFS (E,M) on o cafegory with finite [imits & gives a Fkimavy

fibration /\i\ cool
2 :

R, Ra
\\/(TM> A 2 Ao+ Ay = A,
e $ \I, A——RB ﬂl N i3
B B, s > B,
A R TLDT Ri A E;‘:‘z Rim— Ap=A: =A,
'F\I, n t <zQR,YP~7 I [T M ok l o l <y ,‘$I>
B AX B S' D —— BDKB\

B)’ interna |og_'|c, K s iV\‘l‘e\«-Pve_Teof 0SS a How\ sequence

IDSAOII,ZA‘IDC;_'.Al | R|(ID,I() A Rl(x‘fxz) ‘_‘73(‘&(&),‘?|(?€:3>
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R
A FOJ{'L\ O'S: l'\OHzoh‘l‘O-l orrows Ao —+ Al = o _"’Ah 1S COW\POSQHQ 'J’: it

. . 0]
comes equPEOL WI'I'L\Q kovizonm, orrow AD j_7Ah omo( a Ce“

Ao iA!“H g An

“ YR\,...,R“ “ st.
Ao OPII\ ’ Ah C_,_,_,_-,Ao E|l> _%:)AVI_B ..... D
Ri R [ ~ |
C - _|_~,P\° _H_,:)Ah_q.) DD C— Ao 'P\ > A4 - + D
J * L= 31 & l
E ' > B = { > B
S

This is a certain Kind oF double colimits |
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The universal ProPerTy of the compos‘ife RiOR, can be Seen GS -
R, P RiOR, Q
7 5oy, %, B, By R Z X ——— XY
n y || [ T
7 SI Z < > Y

The Iog_}CoJ '\V\'('EPPVETOC{'.IOV\ s Jx Rile,x) A Rz(xl/'),

P('Z, xo) , R|(xo,x() ,Rz(x|,13_>, Q(xz,‘j) = S(Z,H>
P(z.x), 3z (Ribo.x) AR (x1,x0)) . R, y) =5 S(2.9)

The comPoso.bili’ry or Po:rL\S oF positive |€hgﬂ\ IS

the olouble ca'regorico.l couY\TekPakT oF the exis+enﬁal quah+i¥iek_
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Thm P is existential I%C \\/(m ts cOmPosalole,

EXFib _1_) CF;LVDB‘QM

PrimFib ~ FibWDb |, .

l l is Q 2"P““b°~Ck~

Logi C Fibrations

FVDCs

3 existentiol Fibretions | corfesion comFosoJole FVDCs




4 VDCs

18/19
Thm P is existential I%C \\/(m ts cOmPosalole,
EXFib — CF;LVDB‘QM
l - l IS a 2“PMI|[9&C|<~
PrimFib ~ FibWDb |, .
Logi z Fibrotions FVDCs
3 existentiol Fibrotions | covteson comFosoJole FVDCs
= elementary fibrations | copfesian untal FVDCs
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Th terms of VDCs

e some Constructions using relational structures can be well hardled
(e.g., quotient complm‘ions)
o q\uah‘ﬁfiers 3,V ond equalif}/ = are capmreo( by double (co) limits,

w"\'lCL\ are in the Scope 0_)F_ Formol category “H\eok\/‘

The core problem

Tt seems that the internal logic o VDCs 1S & proper extension of

\regu‘ak Iogic ) dx. ( P A CL(x))

P(x) q.(x) T Plx)A 9 (x)
—> =1 £ ] A : >

Migl'\"' be called directed log_ic?
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- A Pk'umavy fibration is called eleMeh'l'o.ry 'rF the Veino(exings EIxIxJ' (axids)7 EIxJ’

forall I and J have left adjoints and 'Hr\ey Saﬁs‘}y the Beck'ck.eva“ey cond ition

and. the Frobenius keciP\r-ociTy.

T he comPosiTe o‘s: Qa Po:fk O'F Iengﬂ\ 0 s calledl @ W’\;T.

e The universal ProPerTy of the unit Ux is seen as -

7fex By zhxYx Sy
I U [ | ) I

L e > Y 7 : > Y

Plz.x), Q(x,y) = S(z.v)
Plz.x), x=x", Qx.y) = S(2.Y)




SlemFlb E— UFnb\JDLle
’ l : l s o 2‘Pu”l:>ac|<_
PrimFib \y—> FibWDb |, .

Combivxing this with the Z'Pu“back in the Frev}ous slio(e,
we hove ElemExFib Vs FibDbl s



An equivalence

Reg‘tricﬁng_ 'I'L\iS to the ?u\\ Suk‘l“ca:('egories, we |r\a-ve on e%uivalehce :

Elem EXFib F:kob —_) EQCQH-)F:MB

flem EXFELFWB 15 the 2-ca-regoxry oF Fibrations so:ﬁs&ying the BC

for all the Pu”back oF the fovm ,/\:E\.
™ T

WL\QVQ /‘\/\



