 Towacds Negation in

Double - C&esvﬁfv@‘ Log{o
: Bas_d) on jWip With Kee Kudzman-Blas
: Roﬁ.oe,ﬁ\’. Ho(‘ '\%SQH'& ‘
Dalhousie Un'nlev_s‘&:s'

- ATCAT Sewwvac
L) Segrembec 7@2@ _



| Bng\_ :to(e,a;

Typed Ficst-Ocdec Logie €~ -------===> (Victuo!) Dordle. Cabegories



| Bng\_ :to(e,a;

Typed Ficst-Ocdec Logie €~ -------===> (Victuo!) Dorlble. Cabegories

: H&:Secccﬂog,{'riw

Fi‘or.o.Jf ons



Big Tdea

Typed Ficst-Ocdec Logie €~ -------===> (Victuo!) Dorlble. Cabegories

: ngcccﬂog;(—riw 7 Bil/uni wonstuetions

Fi‘or.o.Jf ons L_



Big Tdea

Typed Fiest-Ocdec Logie €~ --7-7-----> .(V‘f*““) Double, Categqories

: ngcccﬂog;{-riw 7 Bil/uni wnstudtions

Fi‘or.o.Jf ons L_



Nid) Bt 0l Vot

e s o s e

0 poic ZEle 3:) whore Tis o sok of basic Tupes and T is o wmapping T x'r~7§al-
whidh assigns asst of funchtion sumbols 4o a $inite sequone of jnput Fypes and an output due
o mapping 11 T Sk whih assians o sek of predicate snods 4o each $intke

Saiww\w O\E \oas C +%("‘S ' ‘ ‘
; o c,o_\w%‘c_m _ O\e %‘LWJVS i) 'H/«a (ﬁw\‘ oro(p,r laﬂguago OWE (7— ﬂ)

) call eA) axXioms.

_ S&QLAMT}' S cQﬂ@‘\$+ o‘g §
P?c?f\o'%;i\’m ‘ Coﬂsequyn+
VLTl e 9.9, LP =

Tﬂ e& CO‘{\*Q‘)(_\_



Lav\gucge, of Ficst- Or&w '\.og\‘c

A'\’om'\o propos'\hov\s ?

My o A el LT
‘?or H, H' +e.<'ms O{L."’S?&.O— . .‘ﬁ’O\’ P S ORas ecuﬂicpjrc, ng\oq\ a\l\J
Miis:, (2140, appropriately typed tems

_Neoq PVDQOS'c‘]f‘\DV\S_CAﬂ _ba b_u:lJr \_As‘d\ﬁ_ cmmwh_\l&& a_m& qyum'%_\(-)‘.ws.

SRS UY\"Vﬂﬁd[lg true P‘DQOS‘Jf‘W L. falsum, U\I\‘u\fc,(sa\\_B $olse peoposition

O e N ST e L A U i
a0 9 e exists « of hyoe 5 sud ot © WS 9 Lol of duee w, @
At e SIS e SR R O et

Fhat oloey natucal dedudkion cules.



Law\guage, ojl" Fics\' = Ordm— -\..og'\-c

Atomic proposihoﬂs ?

M=

‘?or H, H' +e.¢ms o‘% ,+59€,.CT _

R

;o\’ P Gl GES ] echicpA'c, 35MBq\ d\l\J
Miisi, (210, appropriately fyped feans

New propos‘ﬁ}_\oﬂs.wﬂ _ba b_u:lJr qs‘l%_ cmmwh_\lf/& a_nJ qyuaﬁ_i(-)‘.ws.

Reﬁu‘af loa c :
T % fudh, um.vexSciIL_,S o pcoeog&m

YAy . LP@:\(] (LI) -
E(x 0. 0. Jr‘f\efeeXtS+SXo«e43@eQ‘3anM“P

S e e e
Fhat oloey natucal dedudkion cules.

_L : —f'a SwM W\‘t\ftﬁ@“j s—a\% 9¢DQQS\¥\0‘{\
LP\/,L\) i oc Y .

Yoo P —ﬁoca\xogjgeew “P
SR



Law\guage, ojl" Fics\' = Or&m’ -\..og'\-c

Atomic proposihoﬂs ?

My o A el LT
‘?or H, H' +e.<'n_\s O{L}S?e-ﬁ _ _‘?o«' P WSO A ec@Q‘lc_ajrc, ng\oq\ a\l\J
Miis:, (€140, appropriately fyped fenns

_New pvopos‘m}\oﬂs_wﬂ _ba b_u:lJr qs‘l%_ cmmwh_\lf/& a_nJ qyuaﬁ_i(-)‘.ws.

BT N LS B T R T
SRS U“IVC(SG”L_& Jrrue, pcogo%qu\Dﬂ L Salsum, waveselly $olse peoposition
VAW Pod ¥ S ) Rlec D
E(x@k() %C@QXS"'SXO-@"BPE,GSLLJI\MLP \leﬁ“tp —{'oca\xﬁjgeew 48
e e VR e S SR et

Fhat oloey natucal dedudkion cules.



| Fi&)‘ra‘\"io‘l\s‘

Definition Given a fundor e i morp\n_'lim Fix—sy & s called coctesian & foc OIS
Cmoghism gz =y in £ and Wi p(2) = p0) in B sudh et plB)ew=pig), thece

‘exists a4 utique Wiz =X Sudh Hhet q=feiy and pCi)=w

<
’,Q
I/E‘;

(x} (53
P T P

Defiation A functoc p: € =B is o flocation if foc all dojects ye€ and £ % — pi), Hheee i3
~a c-a&os}a\n W\pce‘ﬂ‘-g-m ¥:‘X-—>j Sud/) ‘H/\;;" P(ng“




Fibcahions, (contd)

Definition Le‘lf P E”B be a Filoc, {A’\OW- A choie Q{; cad‘cg'.af} I}Hm_g weqr evesy j_amq £ is m”e)

o tleavage, am(f a "ci\o«"a“l"mﬂ {'ose/H'-wr wi‘HA a t;\ed\ldgs S caHecf cloven.

Fact In_a cloven Focation p: & =B every mocphism £ A-B i B induus «
ceinduion, hndoe %1€, €, bohueen Hhe Hos”

Definition Lok o £ =B be a filocation. We say fhat e hag ¥'.‘9(e¢0 S (w\(l{.ce, < is some
' Ca‘*’e",so("\‘m‘ P-copex-ti oc s—k_uc;fmje,) if all fioce cateqories have <'s anél all

: fffmdf’/ﬁ‘lv)g functoes presecve OIS



Seéciél Co_v\J i-l-iun-s

Debinition Lot p: € B be g Hochion, ad ,&,fl\,‘?i @ commuting Yqusce in B st He ceindecing

functos §:E.=E4 and g* Eo=>Eg have lft adiouife de and 33‘ espectively. This
squece S said to satishy e Beck-Chevalley condition if the canonical natucal tronsfoomion
=l --’;>_\<*33 S an isomorghism.

Defintion Lot p: £—B o o flocation with floced finite peoduds, ON\J £ A-Ba mocphism in B
: qun M 16*}\43 a [e,ﬂj aA&o,’vrl’ 3‘9. Ue_, SGS'\'\M*-F sa{'i%?:% Feoloenius CC&\QCOC\‘\'J ‘\f

3,(erf) =(3,9) w0

_'Foca_“ LP@ EA _ch we EB.



Fibcations of Conterts

Dcﬁm‘r\"\bﬂ \-0{' 78 T u‘\) \oe o l?’\\-sjr or(f.z/r spec'.—?'w‘x"uoﬂ TL\‘«S 31\163- \r'\se,-‘\-o & S;Q\Dca‘\'im ot -
confexts f\(7— HE Aj = Sl 7—) as £l lows* ‘ ‘
* dojeds of CI(ZT) gce contedds, e Siaite sequonua of Vamub Mmk\ms mﬁw 0s

T = Vo, ey Vo)

* mecghisms of CAE) T &, uese B (4T, Wi T, ace metupls of Fecms (M. M)
_‘?0( Wwhich we can clar\\lo My T for _a“ [£i&m.

5 _o‘o'dt,d% o‘g L(ZW A> L2 Paiss §, \ @ wp%i%iy\g o’{o—\gee, Lo\{\Jre»& B aq\cy a QVDQOS-'\{"\D(\-
‘C,o\(\’k" QA’@ Sur-jn —‘J\(\a‘l' a“ '\J\rc&‘ Va\‘iq\olus qgwf _N\ @ oSe MM‘&J 'p{\ P ‘

* wocghisms of L(ZTTA) (T18) = (M6 ace ot macphioms H: 0= ' ¢l(2)
sueh Hut foc each _Pcopq%‘l*lo_ﬂ Yin @ one can decive 10 F-W[ﬁ/\’/’]



E xamples

Defiaikion A Hlocation p:€ =B is said 4o e elementary existential i:
B has finite peoduds,
¢ € s flored finite pcodud?s |
5 For eNery pamm&ac\zaﬂ digonal I\ K*Y—ﬂ(*Y Y in B Jr\ne ve,md’exwlg *‘Zu\ﬂﬁ{'oc -
Kt Ey = €y has a bt odioie 3, sabisfng Beck-Chevelley and Feoloenias

cecipcocify) P
FC—K‘ 6\!&(‘3 pro\‘ec:\”um e, X“Y'?X ﬂ B ‘H(la, mm&xﬂlﬁ 1Eu\nc’{‘bf' 'Tt E EX&Y. \(\ag a
_(e,\q' qjdom’]" ':_(,,ry' Sd'{'is‘%l%- Bec-k*Chc\/a“g a\r\J F}obe_nuus (ac‘,\P(‘Og*&‘

E ‘ﬂmﬂﬂﬁ% eX'S'I'wJ' 10‘ 16'\0@’(’ 103 whoSa J%\occs ale @fe,occ@c«fs ase ca[%p ra\u\af § \0er NS \o_j

_JOCDbS b@wu% 'H'%fj CGQ+UV6 -SPCC\“QIC@{-\?{B 0’€ V@gu‘&f I03|C-



'Exévnpl-es (Corr" d )

Definition Aﬂ. dcmev&o_\g Qx\s*l'qﬂ"’ia\_ S;:\oc_a‘k’ioﬂ wi“_n Ai%ijc\\oulq‘.\le/ j{'\\oce(R ﬁnt co@mo(’ud/'s
S wH&P a co\’\c,mM' $bcation. -

Db‘gm‘\'\"\bﬂ A CO\’]CS‘O\/\A. '?'\ofa‘{"oﬂ }S Sﬁ‘ld '{'D \06 a ’?‘C‘"D"_"O('Afz/f' 'g‘\Dfd'\"\Dﬂ '1—Q1 -
| 0 -\ \S a ‘?\0(6& C&V\'CS (N\ ClDS&Q Ca+660r:j) O‘J\C!

‘?o(‘ evesy (0?0\\65% on T, $xY = X0 B, P ceindexivg '?“"\&‘“_ R g S ]
a (‘tﬁ\rﬂ— O_Joi‘(\*lf Vrn"y SCA‘_&'\SQK\% B@A{. 'C\I\b\!a\,\ ey

Definition A Boslean flocgtion s a flocation p: & =B sudh Hat:
0 B ohes fnite lwds; . .
* doc every objest X of B He fibee ix is 6 Boolesn anJom =5 s
' oo every mocphism £ XY 0 B He ceindexing fuader £ £y 5 €y i3 @ ‘I\omomo:e\nSm
of Boolean alqdbas with o (et and cignt edjont savisfying Bek -Chewdley avd Feopenus.



Shof\' camingsn

s iSOG im,oﬂ\!jwi&ﬂfl'j ea3ieC 1o work with a 3ingle caJragocicq\ ob@wf cother
.H!\mr\jl'wb ‘coﬂn'e(:l'eéz ones

' such olyeets exigh (eg toposcs, bicateapcies of celations), bud lose Hhe
-abilﬂ—j -\'q Jfa\_\( abz;u“' -l"exmg‘ a\l\zf ‘P(‘OPQS'A"\D@ a3 {ua c‘lisjrm-& clqs% ‘(m \'\{v/ 'tw-b

e i e 8 s 8 i)

3 -'\{; o«)\j ‘H/lexe, wese ca'l'gsocieg wi\j\f\ Two Ji{;&cexfﬁ‘ kW\fQS O‘('- mocphisms. ..



&u;\)‘b‘ Cd"'cgérieé

Dc'ﬁm'\’\"\b‘(\ A (gswlo) dadole ca*equ\ D s a Pswﬂoca*garocj_'\wl'e;mal '\'D_CA—: '

B e
Exp[m-Hj, D consinhs of: | |
() olggedr ABCD... (o\% o»‘z O
(D) gt acmus A >B (macghims of B);
(Gil)  lose a«-rous R:A+>C (dojete of D);
o), e A HC (wexphims oF D)

e NS |k
B—WD

Aswua("\l Ry and anidels *:3 foc omposition in ‘]JW,+.QM clth‘m e on the Nz ! i
‘HN. lqosoa(ifcdl"»or)\ ‘HM:) W M:S up +b w\!\wrw/(' m



‘Dbu-b\b Ca*«pna tm*‘a()

TR R e e e
" QUK) - quinteds 0 a T eseqory K

7 _Spm(ga@ - sebs funckions, spans
b el cu*e%o_c'\vs, Tunctoes, pcofnmd—o,cs ,

’ _(Rc\b_ o~ %e:_\ﬂ) 'el,\‘{\(/‘\"\qv\‘i, cq,\o*'\t:\,l\s



Ccmgm\'\vl\s <+ Cot\'lo'«\'\'s

DefinitHon (G eavefis-Roce. 2004) Lt g—A-—v’B be a -\-‘lq\{* accoW i o Jm‘olo a*t@g D A \oz:m_, filyg TN S—xi_/l e B
o ampanion of & ¢ Hurw et wlls B (o) such ot Plu-T ad =idy

 A-s A==a
gt e s
B feg o

‘ch'm'\\-‘\b'n (va(\‘s'-Pa\'G QOU-D Ll* 'gA "‘>B be.-o 'Ptﬁ\l‘* axceon W a-&aﬁo\g ok () ‘D A -louu acow :-*B -+->A % a

S,
conpint of & f Hure exsteolls 1,2 (o) sud Hadk Eln=-Lee ,‘"““0 i —4:' .

A——A B
dt e SR
Biei==0A i e=iE



Equipmets

Definition - Theoun (Shulman 208) A doubole a*eﬁv: D s an eiui(av_mA‘ ot any of Hee %How‘.«j ulu'.vq.(w" condl:tiong hold:

() 515D >DxD. wa %:br'a'\'{m; :
Sl _43."3?'- D, =3 lDe"-[Do s oy ogxe\'\xa{’.m; :
(i) D s all Companivng av\& cm\'s-o'\vér‘s.-

Examgles B GO R SR
0 Spn(Sek)  (spams with ove s an iduiby)

0 Pk (represetuble pafunshe)

0 R® (qephns fopgehs of Bonckion) TR T

% Q) hes companions, and s conpints i exeny \UM wamp (ic. MM.QMMM)




ws (CDﬂ'\"A)
Dcc}ﬂi‘\'ioﬂ'Po?og}‘\’iDﬂ Aﬂ f,CLu‘«pWMA' [D S M ',{ﬁ;
¥ -Do has «ﬁm:t pcmﬂwi?&)

* foc o pac of oeds AB of D He cafeamy DIAB) hus fintke podudte
0 He dobdle functoss ND—=DsDand | D=1 o cight adioits i Dbol,

Dc_gm\,\—"b,n L&& rD (O‘& a (fﬁ({—ﬂg‘o\f\ %u\ew\w* ‘AV\ O\DJQ*I o£ D rs C,o.uQQ F(‘D\DCAMQS i‘ﬁ‘ HI\& [SDW\D(.‘Q\(\'SW)

Dotz () (e,

ho\gp;s We %03‘{"/\47(" D i Fro\pm‘.q% (J;-a“ its o\ok'}e,oJrS_ 6ce ?robcﬂ‘.ug.

Emw\()le, (Re_,\o LT Fco‘be)n_\us C,_a(‘l'aS'lM\ _eflu'up_mw/t“(':



Bil Consteuckion

Debintbion (Nau 295) Lok 0 £ =B be an elumsibony ectunbial Eiocakion. Then the $dbuing ook form
 Fooenis cackegion %“?l"‘“"’*. {B"[‘?‘;
Yo bk cuck o8 Bl s b cobeguny B,
s et de e by ot e O |
el e w Bilep) ase mocghisms ot RS in € ovec @xg, -

R] x a8
B—r;D

\w nluA'"E}m -A s givn (93 :( (TA)G EA:A w\M/vv_TA vsW.u‘\ZmnM( o\o\‘a*o# E—A; _
G b scans RiIAGE, SBHC, o conpute ROS it g o5 belo:

EAxBxC
. E MB . .




Bt o)

Pm(; < oamm ;4— (AS_SD(,\&*O\‘%) [_g(‘ A E-?B -%‘7 C :“; D ‘oc‘ \o& G:cowsS N ‘[Bilt(a')-.

(’I’E*R/\’HIA S>/\'TE,\T] | (B C)
’FE*R/\"HZA 3)A Ty 'rrATﬂ A T
TZ'\TL' W:S)/\WB 'rr*T)l ('rt* pca&/\) |

bt
Lo
;5 |

::-I,,Q[:TED E‘ (’FE*R’\'WA 5> Al ]

||2 112 ||2
IR
e Lo
o P T
*51\

é\

%D@ W*R TS g "rt*ﬂﬂ o
EMEMCT W*RAm (fwoSng N (wtoesn)
[Tt 1R et ( thSAqr*T)] R
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Connu* ;“3‘ Fi\r-)ra‘\"'nuv\sl ON\J D;ub\; Ca‘\'e.éor %;e.s |

Em@lus L e R e
EEF p Bl ey
€ oo Fierhe BB s NG
(B o cobegony il Gt iwiks)

 Subokgert ok Pred —Set | Re|®
(@JJ se. SL;:B(\Z)—_?R

—Ex K Ny c%u\ar. cal'%\

T%oe. (Nosu 2025)  These. i< a biequivalence.

Tl e .Ecwm,.

o —
Uni

betueen suitaole 2- czﬂ';e%ocir.é ot EEFS ond Fobeaius

Coc ‘\"OS'\(N\‘ %u-'n(‘aw\avérs. ‘



E)Cl'e.nd ing-‘l'b Co\nc,rex\‘l’ F-'.\x&'.o;\s |

Proe. (M) The E\,cqui\(a(em_e/ ElEiFe Ei?wo cestcidk to a bieguivalenc
o P A ST S R
R T
uni

betwesn sudable 7,—@*%'\% of cdnecerk $locations and so-called
w\l\uru\ﬁ( ezw\M; M . Fcob_on‘\us _caﬁ_es;aw_equ\@vmw}r_s with log_al, _
distetbubive finile coproduds.

CU":\,U*“‘@ The eladle Cﬂ*@gvf ies tecmed “doulble Lawvere Heocied" by Facé tn 1009
_oce 6)<_aval_vs ot w\ngxwﬂi eczugpm}s. -




Addina Neaghion
< O

F"‘%‘l' w\nA kgmﬂ ot negz* 1on oce We +a\kin5 a\qov*?_

Irfi’ui']'io\l\'\%‘k'ic Log'nb : . . : \ Classica{ _ogi&

e i e e el o

* nofobly does nebsabishy 0 PA-P=1 ad Pv-9=T
excluded middle

odding negation B cohesent logic cecovers all of classical legic, o we 4k Hnis
.dica-)("mn_ $foc now - : : - -
keep intuwtionetic logic n mind Foc laec



'Du'a\ B

Definition Lot 3 E—=B e g{izb@('im ‘with _w«'e,geod:vg '-vaJ @hgmb e Bt e
dua[ L \acation 0 E—a c@ P ® e -(f(brg*‘:m gssod{tto{ with the conpesite

T elomofecy derms, €7 o cobgony with Hhe sawe dogett a3 € and mecphisms

(eguivalonie, classes o) spans L= X >R o v s vectesd ond b
cashesion.

P('o;‘g (Kock 20[5) T\"-b('c YS Q C.O.\I\ONC&‘ FgDW\DCQ\I\'\SM E_ = E_" oNex B




U\ns ‘Dua‘ Figca;"iov;s?

| emma (M) Lat p- £ —B bea loally preocdeced frest-ocdec Hlocstion. Then

Hese exiats o mosphism of fiocakions =i p—p indueed by the asstgnwedt
X+ ~x. I mocecner, p 1 o Boolean Flocation, Phen Hece is o natucd iso

'P/Tflz_\io‘

12

I <
2 Al

.mim‘go\d% H\L O(t)u\olu V‘\eﬂa‘l{'\bﬂ t_am L-PE"-" LP



U\"’S -Dua- Fi-’oca"\'iov\-s? (COﬂ‘\'CD |

oot ket Lek X—>y e o mocphism in E OVes JPr'-/3.\—>ii’:._/' u fockos asg . :
: X—\_/—7 —?*5 Ls w'\\iv\ v Vc,({‘{(.al (P(V)tlA\ (1(\('1 h Ca\f+£$§0}‘f\. T\/LDI\ )

S TU s given by He equivalence class of spang cepresented by

SR EEy B Ty
‘—1;*5 £-x itk (5;*5 :-;.L} 55 é._l_ AL 1€ pfesexves exporents and tntial oojeaAs

_(g*s_:)_l_)’\x [—‘. (—?—’S:} _L) ’\_g'*bf—_l_ ‘

Ioeuﬂ’\{g pve_.sexv_a‘{‘{m follows From preocderedness.
.Composi{".on pccsop\rakim 1% %-kq‘\ﬁ\n‘\'%ocmad S morphi$m3 n p*ase

eguivalence classes.



| Soﬁg 'Que-.s+i;>ﬂ3 |

; I) ‘Cj'\\lg}f\ H_ne, QoV\V\e_,Ol“\ox{\ \oo‘_k'wwn '?t\p(a‘i“{_oﬂs QV\J ﬁquipmeﬂfl'ﬁ, lp\l\a*,‘}s _
o "dual equipment” 7

0Tk Mind ot Gl Thole el eice s dicled s
_ ww_s%m_:*uo_ -ﬁmm H‘a o&‘igmol?

| '\ii)- 215 _w\!\a* éx‘{fe,ﬂ‘l' can H/\'.s f‘nega‘l"\u{\ morphism” e l'.ﬁfreap fo (\{1<+uq[) ‘
double eateqories via Bil7



'Dué\ Eé@ﬁm—‘—s'- A Na{"vasc 3'1\3 Exame\o

Dém‘r\' oY) (A.)e,_ Juﬂto 'Ej ﬂzq[‘ ‘H/\a/ g-ou.owl% (&ou&)\/, cc*tﬂag
" oojedk ace sefs;

g '-l-*(%\(d_' accows ace ¥ui\d"‘°‘)5) .
J -\ODY/‘ &{1‘@& 'R". A —WB -a{'& f6\&+;MS ‘R’C‘A’(Bl "

Coaall ATG, et i (o, gDeS = (DR focdl e AB;
‘B—;D

*ogven A R C, P compwite KoS is given by

 ReS=10)]VeeB Rubv D3
* He loose identidy iy o0 A i given by

W= {(q.a‘BgAxA\ et % |



Du&\ Ea’u"_eme:n-\'s A. nal'Nasc %-1\3 Exame\o (Con* ‘d) |

Lewnme (M.) \Re_l' 13 a F(‘obe,{\l\)\s ga¢%¢s%an equi vam‘k, w{Hn Lo panion (»:\A_ c,o«\‘&,oN\A’ a(i a Sunckion
AR given by f.= $ (ao) | b#‘?w)& and §*= {(_\o,a\l_b#&g\}, (e,spedi\re,\_g.

Lemme (M) Rel"2 Bil (Peed”), where Pred denctes Hre subobjedk flocakion on St

Lewmme (M) Ta\éw\s Cow 9,\&W\UIY\5 of celations indues o douole fundor (n ok an equivalone ot
 doddle 9&+%0" '\ﬂ&) = Rel® — Rel”. This funkoc is the (Mege under Bil of
e S{milavls‘ defined mocph ism 0% Locations = Pred — Pred




-Duc-al'nzi-ns -(Viv-‘\‘ua‘;) D;u\o‘:; Ca-{'e-ga;ﬂcs'

T he most gqnc,m\_ version of Bl sends cactesian Plocatione (B has Sinte peodudts, €
g floced Pt peodudts ) do cactesion fiocationd victual dodole caveqor fes.

Coﬂ;\)u*(m’/ APPIB"“S_& IB,‘I Yo a CA?‘\'C%\AX\ ﬁibra{'%m wi;HA g;nﬂ‘o _@:brr__co C_D-P(‘oéol&d{'s .
yie\ds a dualizable castegiaon £ibocational victual doulle c_a{'e_aor%.




O

L; I"'l'ing Nc,_gg'('n‘on via [B;

Remack  For ~ipTe to ke iftae to ol s dodble wl—‘ﬁ““%a p*. must: also . be an
: c\eﬂwd’ acy €>_<'-‘3+e:lﬂ'ia[ fibra‘\jim, o p _mu@i‘_ have pvoper‘l‘ips aV\J %Jﬂf uu(fuc& ‘H/\a?l'

~ makesg {'lf S

Definikion e call a focation pE—B epocated wnivecsal if:
* B fnite poduds;
£ has we\oca(’ fmnt oop\‘bzoxwks .
' foc every pacamekecized cliaqonal A X"YH XxYxY in B, Hw, fchcx ing Fandwoc |
K™ Exy has a cight adjonT VY, satishng dludl Beck-Chewlley and Feaoanis;
" for every prjection T XY =K i B, He windaxing havhe T E, P Ey has &
cight odjoint V. satisfying dial Beck - Chevallay ond Feobenivs,



‘Hﬂwz:D&aﬁm@

E _Eczu:ewwv‘lé can e cleanly c‘(\&caogex‘i?-cj uzing twogided Flocations, which alen have
dual notions. Can Hse loe wsed Fo model othor socts of ncgqjdm?
- Ls Bee's ()cetrocells should play a e in Hhis story

Cocollaey (M) LA ID be a dbuble cotegony, Then D is an cquipment iF the Rloaivg eguivaust
o8 covel Sons bl RGeS
L DEs D : D is a gty flocad span;
ll> D« — 1} Ly TD (is a jointly obpwﬂ\oramt Span;
u/) [D e [D L I'D‘ s a tup- g.duﬂ flocation a\nd +wt> gJJ op{a \ora‘l'\o‘()

0 Whet s He intemd logsc of an -elunqn'{'aw_j_ existontial Sepasated) wniversal Eilocatiog 7
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Uni Conshudtion

Definitioo (Nows 2%) Lok D be a cackegian -%M{Pv'vw(‘. Define UTL'L-(D) “]D buﬂlo %Br'a("m QB‘E\“J \Cmmﬁw ol

D)

Um@

. . e . . .
qmil D) J l(s,b
. DD,
A (Ax) ‘

Lemma (Neu 2005) Lok D loe a Faluniug cactegian equﬁewwdf Then [B:lgunl(ﬂ?)) =D

Rood stbh Frobenius condtion allows ‘tamsfec of wsiddles’s 0 packialar, vy Toote acaw R:A B i tomeghl
: + o LJD@_&#CD\»_ R’ AXB 7% | % ﬁm’" P“”.i“s ‘ou,‘( b uni ([D) OLu v “_lv?o ('V\_‘torwd.‘(bn". :

Theoam (Nas. 7.075) T[Aavv 5 o B‘\_eziul\lal_uw bdk'u.\tun apemev‘\zi_l Tic _CA’(‘ea'z_xM o% EEFz m{ Fro\_s@n‘uus_

cartegian ciuipmAs- -



RetrocMs

D<£'m'.+'\m (BTLM) M D bv o Jm!olb(ﬁ(’eﬁmg w'J’\r\ cAIloﬁm (_M\(om'lp{\& A ﬂ)(-mwM"m ID(\QH-)
cocvezponds o @ (S'\’wdaf&> Ju«\olu w“-oe {JN, §ocm (""3".‘9 D

Al B bt
B"'_>D A-—H-C',—|—>D
< Bl g,

Thaocom Face) The-okjeik ‘hf(M- a-'J o axcous o€ D, 'h’ﬁ”#'” with cotaulls, foom o dokle. et ) 'D".d:

Thise s Yo I\ DESAC e e B S el )
(2) Thore o conopcl omacghvom of dabde- cotagots i conpenos
S DE DR RS
whith s Hhe oty on dngechs and bk and lon aconus.
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Defmthon (Rt 2004) Ldl‘ O be o Jbub(l, cﬂ{'% wikh Mogn om\';o'\‘l“df&_ A Coc U(TD‘DM n D (le-'“') R
o ol &kt fon (gD i D:

e T i
_A-—HC ReRe Bl tEeencs
NN O e
B el B—'—>A——'—>C
s : : £E R

T heocom Pace) (1) TLU/ p\o\'lui_-é, gt and lozce avrows of D, "”8‘%‘* wita _Cow"_mw%s‘ e
bl abepe DU
(7-> [D ez a Ccmmw‘ J/lo\wme (m\‘o«A'S

(3) ﬂw:, 1o a C(mm(wl WDW\O(‘Q\I\\‘SM O‘F J&ML cd‘fe%@(m,g w(HA QN“ON‘AS
D E D(}(‘L (.'f't.

wh'qu 'Ww. MJ’& on o\oc&{'& awp +3M'om/ loose avvouR,



Cms.é&,gﬂ BLUg Q Two"su Fbro.'l'.ms

Debintkion (Seeek) A Spen -/4’:— E—PB n a &Pwsw‘alol.u 2 w{'% K B o ‘IMM-S-O{J c\\or(J(”\!\
it sa .Q(, @B) "EYMLau , where CP.A. (S 'HV' oM obS,J('O\E Hee "M:B Lospan
~on sA, Seen ag a pSu_LJomoqu W Seo.(\,(‘(\ ‘

Iv\ Ca* \% Weans. )
(u) eNoy moceh\sm 15 a——?fx .n"B \nag o F—u,&osm H¥+ -fo—,>,< Mfscl V(A-LA

(i) evory wophism  g:9x->b m.A hes afi-oem'h&um ]\H‘ x—?a*b Hod +e P_\,d-{-.uj,
(ii)) 'Foc e'w‘ﬂ u%a:m—oPmr*cs'-m camtoosi'\z. fa —x —>3,b, He cavonicd mocplhism

3« a _>\€ 3*&) o &owwr(a\msm

Asem /lé——ﬁ'_PB w a ﬁm-‘s'ofu{opfbrd(-'m i£ Jrk:,oppos\t G B & i>~/(
K a ‘]‘W‘b S|M‘cbra*’0~1\



Too- Sided Fibcabons (codtd)

Remeack  Given a +un-sided focskion Aii'- Ef—?'B, every mophism LT w0 € focbes o Macew !

>0L}\T

ST e

whore s q_-oecm'h&.m omJ p- vod'a‘ Bis P‘l'““+“1 avJ T s p- ~ceckesinn G«\J ?_“VUA' J

Debinikion bon Gld) 16 A€ T8 e @ fuo-sild £ioeokon wilh coccagading thued chgery
(?‘l\ oe’(B ﬁc—* I’E O(Ual—\'wo-su(-bfo’(‘m .A\CL 6 P‘"B s A
o hatdd Bk ossocchd it Yoo compuste AT 25 Cat 5 (47,

Lo domokany teews, € e oo same digds as €, and mocglinms (eguvslene duss ) disgame
5 Mc

'IL'.L_.HJ-'

where, o i q-epukegin aed p-verkicd, Bic p.g-vechicd, ad 4 s p-coctesiin ond g-veckid.



‘Two--g'.u ]':iBr‘g'hw;S (ggn’rg') |

LZAMVM (Caguuﬂ A d(ou\olb cd(' ‘ﬁ”‘:j L\_A& LoMPanions (w_se. cm'do'\vx\-s) 'u“ i{'_s uv\olquh'.%.goufw_-'l‘m&d'
%pan i a -lwuo—gﬁu qeg'\\n(d‘jim ((oqm $ocakion)

Lewwng (H.\ Le)(‘ D be o clm}ob, cd4'e3m3 le\ Jmm COMPANIDNS (1'939. cqn&o'm*s). m wo(zgrlnmi
: $D(M:U/‘+6'_fﬂl* Pan o{- [D";t_ (cus\:._ ]Due)_ ¥ ('t_&vmocew.u 4%3 ‘HM dul ﬂ'wo—s{u ‘
_ ‘ti\o‘( o:‘("u)(\‘o{L ‘\“ﬂa* of D

P T e R S e
Root Skebh  Secing calls in D as mahinms in fho total \\ % _l\, ey &5‘.
e e S PRI e
bk Lt

He dud Huosided Socskion wasds 1 A = B —=—=D

Flopng e mdlly clls, uhidh become % | U/ ey \\ |

B > D

el BRI e 8 e R e



Fom\a(u'zal% (Co'l'esonul) Dua\.l:s

Defa (Shlmen 206) A strong ofualjrn ivolufion on a eheick 2- “’}‘ﬂ“s A congists of:

P e R R e
" 4 steick Lnabuedl isomocphism A

. A . . . : A :
In :
( ( _)')\ALO. (’)

o0 idontihy modificskion ¢

P, : : . ; . . ; ; g (-Y
‘ A [') -.A ‘

BNCY AN A

_u“oSq tomporels e HMM\)'O*’C 42»(’\3 D-edls S : fils ">( 3

A



Forma‘nzag (Co‘l"eso;iul‘) D;Aa‘ils (con’l"cl) |

Exavnpu

L f\u“’\ﬂ.\l\w‘g ang Seasonalde sk~ Hueoretic defintions of 'eateqons” and “opposite,
.H‘& Z-d% Cd“ o.'@ U*.e@odf.»s af\tf %md‘ofs s a 5'\1'01\3 (:v\dwf 54\-'.&_)
udliby wvoldivn.

(i) TW _7—“(1&7{':60{5 FB‘B of-,-c(\aw?l‘ fons ove a %x,J bese cﬁf'% B _\nas a &'\TNB
dual iy wolikivg sending Slecakions o Heeie duake.



A Notion of Slt-Dualih,

Definition Ld‘ S ‘sag— a Su‘o-?; Co‘['?ﬂw_\l O{L Fiba- -(,Je, ey ’Hf\ﬁl' S s COV\@?"'U?[B 3911P"~JQAA

i e GWH_B. imlution on Flbg cesteids 1o o M\% wwdokion on S,

EXGW\FI-V.S Asswvw B haS ﬁ-vnto \M'\'S W(mﬁ\l\wﬂ'

@) The sub-D-cokeqony of Boolean hypordovkines aNl 0ppDRS ffmﬂ Qf‘“‘*‘“c AT
~ ocplisws R conceptually sel-dud. j |
() The onlogpus Sulo-7- eskegory of EETs s vxo{' ceﬂoee\w\\\g sel§ auo\ st AM\
~ Lhocation of an EEF & notan EEF
iit) Flog el i conceptually selé-dual,

_S'\\nu_, EEFS 6<e not _Sa\g (Ju&\, ‘-Bt\(e‘)- (R V\oj\' M‘m‘d&@o« p a0 EEF.
So what ase Hw duds b FEFs



‘A Swa\—hot DQa Dcf‘.-ni*i-ms-

Dedinition Lot p: £ B be a filorekion. We say Huk p 16 coprimany if:
) B hes fwke Qm:{lu.c*‘:',.
St 6 ‘M_S -?\\ofe_cl f(y\‘d?o (be‘(baeu.ﬁ!‘S

Definition Ldl") E."'P:Bbo o eopTimay -Qllb(o*‘_‘lbfh ‘:‘)* Say :\‘\N* P 3 uﬂ\\lt’{fSoJ ((j)%or eveny
pajedkion XY >X ia B, He cetndexing fundoc T 1 € Exy has 6 ciget
.a&,oiv‘dq' V,,ty 367“'&%\’3‘“_3 (,dua[) Bak—a/u,vaue:s ond ) (dual) Fmb_on{u& { edp(jbc,ﬂks.‘

De:c'mﬂ'%m\ L‘*P E,“;B\oc, G, CopTiMmay i'l\ord"‘lb(\ w& Say :\‘\N* P X d’ﬂ(’(\l_\()l’ ({-)%D( g'V""}j -
.mvaMm%zJ cliagonol DN XxY = XeYxY 0 B, He cemdening fundor X Exuy > Ey
has o cignt adioih \J, Sobifiying | (dual) Beck-Chowalley avd (duel) Feobenivg recipeoeity.

(/{_PS‘MA' P AWA'N\:* _LMN(I\TS&J x‘.\oro)('\o{\ =S e° chmA‘amj q\z‘m\fvtax i}\sml"(m




A Duall Bt‘ C‘_ov\'sjfﬂlxo‘l'i'on |

FRogesition (M) Lok o € 8 e o distmok universal Locokion. The follouing dok foom o
Aol cakegory BilT(p):
% e gt ook of Bil'ey ' By _ _
loose accous A +>Bare dojets i Hee floce €5

e/u» e{i\ —:Cl:s " B‘l (p) ase given by W(’!""S"“S.“:R?S 0 € s ﬁ"ﬂ;
B -HD

Ioou 1*3 on A I given \Db V (—L \é 8A,‘A ‘*"M’r& -LA \&'HM M|+1J 0\q,¢-f—+ n EA -

AW oo acous R:AB B, MM,- W\P‘,s'lt 123-,3 i ghwn as belo:

€ AxBiC




A Dua'l Bu‘ C'_ov\'sjfﬂ;\c‘l'i'on (c,ow\' CD

Pm)# Sec«vwd’ (Umjro@ LA' RA*—PB ‘Oea\oq:vafvuo ) B(‘\.(f\. :

112

Y [t M (L) viR) 2 Y () vei®) (8-C)
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Ve (W (LaolvmiR) (e gees. 1)

Ve, (Vs (Laov B i®) - (FR)

A

112

e (¥, (Xt R)
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112

G
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A Dua'l Bu‘ C'_ov\gfﬂ;\o‘h'on (am'\' CD |

Lewma (M) Lot o loe o distind universal $loration. Then
S e T TBee Eic)
a3 'cfou\o\‘e, c&j\'e%x\e&. -

Conjestuse (1) | & Floge oy dendte the sbo-7- ca‘l't,{gog.o*g- Flog (Foc fued B wibl Stk poduds)
_ (‘,ow\s'x%\"\‘f\g o& Mose Tocckions Whih ae ‘odth e,\u.vw«\*mg ecistontial ond diskink.
: W\'NM%A. (W‘“‘. g‘*“’\"?}&" Wip< Q\"“s.‘“%\* T\"”".\f"\ogg‘ou ) CO(\(ﬁQ'\'M“\j selk ‘dua\ :

Conjetuse (1) Foc any sub-2-chegony S of Fibg, Hoe (Bdpulloade

“-SﬂS .;’} S., s conceptually sel§~dudl.
e

D =l



B ol

* Clacacterize dodble cabegocion (essontiolly) of He Soom Bil ) focp
@It’/W\QﬂA'MB bxi‘_&‘(‘w’q'{al A dl‘ﬂ'n’m)(' u«_\'NeASa_[

: UhoA‘  He Kn‘l-m'!\q[ |ogic ot ,%chjl\,g‘.\orq'hb‘“s.?

* Obsecve Pt o cell o inan %U‘PM can e egunalamtly writfen in Y wiegs

PRARGR 2 B£->A—\—>C Rt S
A+>B-+~D ‘_B—r—>D—'->C A*—PB—H“D-PC B D)
AN e S R gis S O T N

ond ook alls 10 Rl ace ez alls 0 Bl of e foon )%, Whk okions
of a(qwf iy @ we got oy toking duals of Hie other Yacee kinds of LJLS?



