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The only non-trivia| example of doub\e-ca‘regory enrichment :

Thm ( Cockett, Garner " Restriction categories as enriched ca:tEgories' (2014 )

(14 ’

Yestriction caa‘egories =" H’( S*ro.LLa-r°P) - ca're.gories
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CaTe_go\ries
A cod'egor_y C consists of :

- QC,ollec.‘I"tOV\ Ifl O'S: DEJQCTS )

- o Samily (E(c.d))

C,OLQ IC‘ O'F “\OYY\“'SETS J

3c,o(,e
- a Jomily of functions ( Clc,d) x C(d,e) — Cle.e) c.d.e
(cHd | Jd3e ) ciﬁ—%e
(Coh«posiﬁon) (325
- Q ‘S:avv\i\y oSJ: coihstants (idc & E CC, C\BC
(io(en‘r'l’rﬂ

with Some oxioms .
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CaTe_go\ries
A Cod’egory T consists 07C3

- acO||ec‘l'ion IEI O'S: DEJQCTS )

- a@ami‘y ( ‘ E(c,ot)>c,d oF hom-sets ;

- Q ‘fo.mﬂy of qunc’riov\s C(C'd)‘ ‘ Cld.e) > (COW‘POS"T.‘OV‘).’
€(c.e) c.d.e
— a Tomi ly of constants ( 1d (io(evﬁ'ﬁﬂ J
‘ Cle.c) / ¢

with Some oxioms .



Motivation o‘f' enrichment

Hom-sets C (c.d) are sometimes more (or less) than just sets.

€(c.d) '&(c,*gl) E(c,*gl)
.5:
¢ 4+ d C ol ¢l X ol
\/ r \/ ’ \ll//
3 9. g
How\ - W\onoiO(S Howm - SPaces Hom - Ca:iegories

\/\/l'\a:r stTructure do we need. S:or mmﬂ'\emaﬂca\ ob)'ec‘rs To -):orm

In order to deFine categories enriched +herein ?



Mul+ti categories

A\\
A multi Cafegory YV consists of : virtual monoidal COLT€30H€S
- CO”ec‘ﬂon I)/l of o‘o\)ec‘fs,’ Al Bl C‘
- Q Co“ecﬁoh o'Y' h"aky morPNsmS A|‘ l/‘\v\
OtEPEIf\O(iV\a~ on Po{\rs o} an n-'l’uPle of obj‘ectg i

and an ob)'ec‘l'

( composifion, identifies some axioms)

The idea: You can compose Mul-ﬁlmovph'lsms In a uhigue way .



ComPoSiﬂOh n a muHicaTegory

Al | e] l& 3] |k
) o 2% K ! A
N F /H L la
T e A
\I %’l ly
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EY\VICL\W\eV\." ih O MU.'-HCQTQS_OV\/
L« mul‘fica‘l'egovy

A V-enriched category C consists of :

— o collection |E| oF o‘ojec‘['s )

- a Fomi Y ( ‘ E(c,o()> c.de le| of hom-objects in U ;
- a fami N of bihary morphisms in UV of cow\Posiﬁon

< € (e, d) ‘ ‘ t(d.e)

9

‘ E(C,e) ) C,O‘,eelt\
- o ?amily oF nu“a\ry vnorphisms in LV of identities :

ER
‘ t(c,c) Cél&\




(ctnd)

+hat saTis-Fy the Foliowing equaflons w L.

E(b.c) €led) E(d.e) E(b,c) €led) Tlde)
— K o _ 9
: | E(c.e) eb,d) |
e(b.e) i T €(b,e)
€ Ce,d) €le.d)
id id] | &(c.d
- | Tewa _ _ tlo o

Clc.d)



Exounples

o Set * Ab

o\ojeC‘l‘S - sets olajec:'l’s . Abelian Qroups

h—ory morphisms: n-ary functions mulﬁ-MorPhisms . multi- linear maps
~ Set -cocfego\r'les are cafegories ~) Ab-cocfegokies are additive Cats
e Cot : e O = {.L $’T}

objects : Cofegories [t - |t || TiA-At,

V\-aky W\O?P"\'ISIMS - h- OLV‘Y TF(A.V\C‘I'DV‘S

~ Cot-cots are 2‘6@1830""65

[ s

S

) l“ca:fegovies are Pveovdereo( sets



T know about enrichment in a monoidal ca'l'egory.

Is it o(iHe\ren’t? \Nky dont we use that®

Monoio(al co:l'egories C > MuH‘ico:regor'tes
(A, . 1) | > A

{

A.|

\‘o

lAh N
in A pi=A ((-(A@A;)--- ®AV\,B)
B

O~

(A , D. I) - cOd'ego\rieS — A - co:l’eg_o\ries



Aokvowrrages o'y' mul‘l'ico:regories in the context 05: enrichment

@ Morphisms $rom monoidal Prooluc-l's are oll you need to define

enriched cccl'egokies, Mul+i movPhisms ‘yovm a m'm'umal structure ‘Fo\r +his |

( Mul’l"\co:l‘eg_OVies = Virtual monoidal cod‘egoriesy | |© %/ @
g °
| |

@ M(A\'H co:[‘ego\r'les ore cokelrev\ce- '.ere ‘FV&meWork!

Accorolingjy, the definition gets Simpler, (heBYoc)oD 3> (roB)@(coD)

S“l ) Ae (B® (ceD))

o~
—
=3

(A® (BeC)) 8D = A®((Bec) eD) %z

@ Mulﬂcd-egov]es a¥re more g_eneml ‘H’\an monoiolal ca‘l‘egor'ues,

Eg_ GkP S o w\ul'l"lcodegovy but not & monoiolal category
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Objects with extent
C(c,d) C(d,e)

'E(C,ol)‘ ‘ C(d,e) ‘ ‘
9 9
‘ C(c.e) 3enem|ize - ‘ )
c,e
\/Kﬂ T
e e — ue
d a\ a
C(c,d) CCd,c? ) &le, Cld.e)
c 3 e 9 h
tcc gy Cle-e) : '
b \/ellow




Virtual bico:\‘egovy
A virfual bicaTegovy Y consists of :

- o collection ob)V of objects A,B,C, .. A .
- Q Co“ec.ﬂov\ O'F 1-cells ; A jH B, .- A T B
- o collection of multiary 2-cells | b Pa P
‘ P> Ao| Al A
i‘\a A ... \,zv\ ' vs , °
Ao \“, \(O Ah
S A |
g. %

/\ No composition of | -cells.

ComPosi-ﬁov\ of 2-cells is defined simi\av\y to mul'l'ica:l'egokies.



Envichment in virtual bica’reg"")'

YV . Virtual lD'IC&TQgOIr‘y cf. Street Enriched categories

. and cokomolog_y” (1983)
A VY-enviched C_od'e.goky C consists o

— & collection €] of ob)ecfs

- a function () : |l — obV assigning the exfent to each object ;

Clc.d) C(c.o)
- cx‘faw\ily (S — 9” c.ol € |g] oF hom- 1-cells ; < ‘ o

- ‘j:ov\n'lly oF 2-cells of cOmPosiﬁon_; - & :Faw\'lly of 2-cells O‘S: iolewl'i‘ries,‘

€(c.d) e(d.e) C(c,d) €(d.e) (& c
;

\l\'_l:g/‘ - | £ C(c, c) ‘ Clc.cH

C(c.e) C(c.e)

+ Some axioms



Example |

A Rel ~ category C has
|t| : ‘Lé-l'ke extent 05: C Let us write
X <Y

- a collection

= 1 Q XC y
QL '.Fawn Iy ) sets ( )c6|8| L/o/ wl'\e,h (x,y )éﬁ(c,o()
Clc.d)
08 'faw\i\\/ o'F relations (Xc —> Xd )c,olelu;
S.T.
- x<L vy L z = X < 2 (IGXC,‘jeXoclzeXJ}
- x££ X (IGXC)
| ob X%
This isaneom(e\r on lXc (% C, \LFB

~3 A Rel- codegovy IS a Par‘hﬁoned PVEO"OLMO( set. prem:ﬁereol Tﬁse*r

set




Example 2
A Span-category T has

¥ - §
- a collection €1 %zée_x'te_n't oo L;T Uus write  x —1Yy
T '.Fawn‘uly oF sets (XC)celm ) / or /C(c,o()
« 5 N
Clc,d) : X ¢ 2T A XY
- QA 'faw\i\\/ o spans (Xc —> Xd. ) > x Y
- O SPO.V\ W\DVP"\.ISW\ E(C,d) Xxo\tCO('e) xi’j = 3'-& R
S e s o3
: C Xe l ? L Xe X - 3) 2
| (‘dehT-LTies> T Cle,e) — ob
oS (x,c¢, [F)
P €

~~> A Span"codegory IS a Pa‘fﬁﬁo"‘ed C“TP—;PV)’. Category ot




ExamPle N

~or a COCI’eg,oVy ¢ with Linite limits ,
Q SPQV\ (2)-—Ca‘l‘eg_oky has a :Faw\'lly o objecTS (XC) cele)
and compos'lﬁonal structure

C’(c,olb; Cld,e) 7 Clec,e)  infernal fo €.
o

e A s}mgle"objecfr Span (8)‘cmTegoky = an £-infernal category
* A Span(€)-category with Xc =1 (Yc) = an T-enriched categary

0 “
C‘S‘\- Betti ,Wa|‘l‘eks On cocomple‘reness oj: |DCal|y'iV\T€W\0~| co:l'eg_orl'es ( 19837)



Example 3

L @ a preordered set ~> € : a bicategory

| | fLsTt f as<b
bjects : b)) = |
objects:a e L , G (a,b) {{_[_1( otherwise .

Compos'\ﬁov\ of l-cells is given by
A QL”Co.TegD\ry C consists 0‘5:

- o collection of objects el with the extent l&]|— L ;

- b'mary relotion < on objects s.t. xSY =5 X< Y

that satisTies \reﬂex'nvi-l'y and frahsiﬁvi‘ry,
(2]
~> A Q*L_Ca“l’egpv‘y (s o Pkeoro(ere_d set C w/ an orolek’Presewing_ map C— L.




Example 4
Fix a cafegory S. We define a (virtual) bica’regory Qs as Follows.

objects : objects in S
| -cells A: x =y : Ac<S(x.y)
2 -cells A, e e % A | Theve .IS ot most one cell.
on" N *»xh It exists when
\ ‘ / -F{ .
E X, — Xy éAi (VL)
's:l 9"'997\ > X = B
A Qg ~ catfegory IS o Concrete cafegory in S. ( Bf )
/4 %’ F:

Rosenthal “ Free q_uam-qloia(s” (199 1) S %\
Niefield " Change of base for relational variable sets (2004 Coteqory faithful



Move examples

o Sheaves on a site (&,T) = Syw\me‘l'r'lc Cauclny'comple‘l'e. Rel (B, T) -cots

Walfers " Sheaves on sites as Cauchy"covnple're ca'l'egolries “ (1982)

- Fiberw'lse Caudxy*c_ompleTe 'S"il)Y‘o.TiOY\S oveyr t = Caucl'\y"cmplefe W(E) "CoC('s.

Betti, Cavboni, Street, Walters “Vowia'["(oh Tkmugk envichment (1983)

. Ca'fegol»ies locally internol to ¢ = Span(?)-cw[-eg_or]es with cevtain limits
Betti, Walters “On cocomple‘reness of |0C0-“)'"i'\'"e""“’J CO."'QQW'.QS'I (198%)
s T0pologjcal cotegories = Total @ger - ca'tegovies

Gavner TopologicoJ functors as totul Ca‘l‘egolfies‘,' (2014)

VAN Bicotegories enriched in a monoidal bicafegory are a different concept.

i A connection is 3iven in Garner, Shulman ' Enviched cxregor':es oS o Tree cocomPleﬁov:'.(lol'S))



Functors enriched in a mul'ficocl'egpyy

A V- 'FUW\CTOV‘ F . E —éb consists oy‘ .

- o function |F|: el —|p|; &= object assignment

E(c,c) o mOrPhism assignment
- a yo.w\'\ly ( Fe.c’ >

Ji) . ] c.celel C(e.c’)
.t (Fc,Fc") — - LFee wm b
C(C‘,C’) C‘CC’;C") C(C,C,) t(d’d,) b(FC/FC 3
ide
s — Fe.e Felc” c.c (dFe
Ee.c’) °D(Fc,[:c:')\ /Z)(Fc',f:c") , Clee) B T
Fc,c' ;:0 FC,C -
5 (Fe, Fe) B (Fe, Fe)

B (Fe,Fe") B (Fe,Fe”)



Func‘folrs ehriched n Qa vir‘l'ual B‘uco:l'egovy
A V-Functor F: 8 — D consists oy‘ : IF)

- a Junction |Fl el — 1B +het preserves the extent.
C(c,c)

- a yo.w\ily (

[

F

C

|
C

f——1

t (Cf, C." )

|

el — Dl

O\~ /2

M / OL)/

c
Fe.c | , > , ) c(c.ch)
D(Fe,Fe) B [ c.c €lEl TS
W S \U/FC,C/ C
~_
Elc.c) () D (Fe,Fe”)
- ¢ ide
= Fe.e! E: Fe.c” E(c.c) .
D(Fe Fe) I DIF e idFe
a ’ Fc,c C —
9 D c
.b(FCI FC) -b (FC ' FC)

B (Fe,Fe")
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VivTual double c.ocl'egovies
A vivtual double category Y consists oF

. . A A
- o category Yo o objects and tight morphisms §] o Sz
B
- a collection of loose morphisms A AN S A T B
- o collection of w\u[-Hayy cells b Pa -
‘ A L "E:"Alr\ AD‘AI, , An
.}'l e | 2 ¥ i — 3
B <'L > C B ‘IL C

& NO COVv\Posi'i‘\ov\ o:s: |oose VnOV'Plf\'lSVY\S

ComPosiﬁovx of cells is defined simi\av\y to virtual bicafe_gories,



Enkichmen-r in a VDC

How should we use ﬁgk*t morplr\isms in the detinition of cofegores ?

‘f_’(cz,laugL zl‘:(d,e) €h D
o, thanks.

o= I b

C(c.e)

A virtual double ca‘reg_ory V has the l,mo(ev|ying_ virtual |o'lca:l‘egovy Y
of objects, loose morphisms, and cells with tight identities, andl

\V—cocregov'ues = ,Q\V-—c:ocfegpries~

A oli'f—ference Iies 'n ‘Fuhc:l'ors.



Functors enriched in a VDC

A V- ‘Fuhd‘ov F- - — D consists of‘ .

- QA yo.m'\\y (Fc

s.T.

[F)
c el — Dl
c ‘ NEYA
- o Function IFl : [e1 — 1D] with a family | E) ,‘ WL
- CE|l
E(c,c) | °
< c e
- Fe.c’ ? Fc'> ) ; < C(C! : > S:
e c c,c €le] F | Fe oo |Fer
’ J ,C
D(Fc,Fe"y R __ Fe b(Fi Ff)EC_'
e, Fe
e | e | .
— — ¢ 0 - idC _FS'.
o= P F S < idFe
N e o = _
EC_ ?x) &, .F_c C,c ES




SPQY\ VS $Pay\

Remembey ...
o Par‘l‘iﬁoneo( category

|

0. Span-categery = a $Pan~ category =
T

T LN
bch:['egovy dlouble cateqory (X C, ob¥% C/)
( % i
J, 2 Junctor , lk : function
(x / d ' F) Y D

%"{WCTOV ,L b¥ L C 5 I:-l -'(h )
Span (¥, D,&) o WE| a2 |k &M -
obY < D (s w‘w




Q-L VS GL

L : a preovdered set ~> & : o bicategory
objects: a € L, QL(Q,E§:{{J‘$T} if a<b,

{..l_} otherwise .
a a
This extends to a double cotegory Gi by . /k\vl .
b

gﬂ_— COLTQ%_OHQS = Q.- COLTQ%_OHQS

«f
= Pa’lrs of C € PreOrd & | ©

L



Q-L VS GL

|_ - Q Pveovolereol Set ~ Ca.,_ - Q& bica’l‘ego\ry

objed’s: ae L , QL(Q,EB :{

fLrsTt if asb,

This extends fo a double cotegory GL by | = A .

o D
Q.- Functors (\L(j) —> (\L(_—)
L L.

C
G - Functore (],‘j) —> (J,(:)
L L

|
|

{..l_} otherwise .
a o
b b

C—5D

t)\‘:/(“) [h PVQOW)(
L=

c < ke
ctp <
g__-)\,é/ () n PreOvd
e



Restriction c:ocregokies = FP(S‘fnbLa‘toP) "cod'egovies

Cver since categories enriched in a (Virfual) double category was
introduced by Leinster in  Generalized enrichment of ca‘l'egories" (2002),

there has been only one paper that gives “noturally occuring examples", which is

TM ( Cockett, Gorner " Restviction categories as enriched co:('egor]es' (20(4)

('H'\e Z‘Codi'egovy of vestriction caa‘egories)
S

(ﬂ\e 2- ca'l'egovy of P ( S-rabl_a‘rq?) - caTegwies)

Q. Where does this FP(STa\oLonP) Come ‘From?



virtua
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virtual
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virtual
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— enrichment for restriction categories



Frop

{

Outline of Cockett anol Qarners result : S’l‘eP|

The 2-cafegory oF restriction cofegories is equivalent to 2-Cat //Q a8 Stoblet™

the | ocally" Full sub-2-category of the lox slice 2-Cat // Stoblat*?

*0-cells @ A -5 Stablat™®  * 2-cells :

o |~cells . A Hs ., i
\‘%’/B A\&/B _ A\&/B
StablatP StablLat°P StablatP

whose

O-cells are local discrete fibrations, and

| - cells are those whose Y, s are representably discrete §ibrations.



Outline of Cockett and Garners rvesult : S‘l’ep 2

Thwm For a 2-category K, there is a cluble category R(X)
st. [P(K)-Coat = 2- Ca‘r/){dfk

P(x) : o HD(K)O = Ko
» P x X in P(K) isa Pkeslﬂea'f' on K(x,x).

e Cells ... ( use the convolution P"'°°L“C"'>

Thm [ Fuji, Lack " The oplax limit oF an enriched cofegory ’ (2024—)]
B - bico:tegov\/ , €1 B ~CaTegory ~ 3 B/e bica‘l‘egoky
st (B/e)-Cat = B-Cat /&




Lax slice enrichment
PV'OE [ACCINT]
3
V: vDe, C: \/-c_ocl’egory ~ Y/ :VDc

st+. (V/e)-Cat =~ V-Cat )/

P(Stablot™) is o sub-VDC of ZCat // Sinblot?,
where ZCat is the cart.mon.cot. Cot seen as o double caf (fhe o(eloopihg).

Corr [ACCINT]

V. VvDC, \\/IQW, C \V‘cocl’egory A~ ’ Y/ C @ IDC
st (V/y &)-Cat = W~Cat/4\y, ©

In ‘FQC'T, ZCM//EDFEBK is equivalent to [P (%)




RQ'O.TOY'S (a.k.a. disfkibu'l'ors, PYO‘,F(AY\C.‘I'OVS, bimooldes)
Def €. cactegories
A relotor € ——= D isa family of sets (P(C""))cem\,aem\

Wifh OPQVQ'HDY\S C(C,,C) P(C,o() P(C,o()‘ ‘ I)(O(,D(/)

AP & Pp
‘ P(c”,d) ‘ P(c.d")

that satisfy some axioms.

Co:l’egories . Functors :: Relotors 2o  Sets :: Functions :: B'mo.ry relations



VDC of cotegories, functors, and relators

CAT - objects : categories, 'I‘l'g}\'l‘ Mokphisms: Lunctors
loose morPhiSMS . relators, cells : natura| fransformations

This defines a virtual double category.

There are momy vavriotions 05\' this

o V-CAT whose objects are \V-ca‘fegories.

Rest@AT  whose objects are restriction cotegories

andl loose morPhisms are restriction relators ,

DeWoH: “Restriction corfegory PersPec:l-ive_ of Pa.rﬁql comPu‘l’a‘l'ion and g_eome‘l'ry ! (20 [#)

Thm [ACCINT)  (ZCut/,p, K)-CAT «~ RestCAT



GL as a lax slice

RQCOLI\H. 2={J_$T.}
L :a Pveovolered. set ~» &L : a double category

i ) {_LQT} osbh
(6\.30 =L, G (a,b) ‘{ 1L} otherwise Q/L(O-,b)

G = 2/~ G-CAT =(2/1)-CAT = Preord /1

Remark This construction makes even a monoidol category into o double category.
Double_Categories

Bicotegories
M°"‘°.‘°lal Cate Hes
Set, Pos Cat

Re|

Lox Slice




Ehkichmewl', 'S:um'l'oria“y e Ycat. of
e 2~caf. o

o (-)-CAT g'\ves o. 2-Functor VYDb|Cot — NUDb|Cot " hormal VDCs

T foct, it is the composite  V/Db|Cat ) Aot > VDb|Coct MNUDHC&L

A W-cad‘egory s (_jusﬂ a mohad in the virtual double category o VY- matrices.

° (_)— (EAT iS o -FQW\.lha-\ 2--J:W\C‘TOV'. Ft’&)': La(.k «_I..he ‘Fo,mdia_‘ noture o-j: ehﬂchmew‘_
In Po.k‘l'iculo.r , I preserves all connected limits over virtual double categories” (2025)

(-)-CAT -)-CAT
(Tln'ls is hot the case For MonCort > )-Cot or BiCOC[Q() > 2-Cat )

e The lax slice gives o 2 -functor
. VYz7e
% | (&)-CAT —— VDblCat 5 (V.€) \\L/
The eq_uivalence we showed is 2-natuwral .



Future Work

¢ Find more exaw\P‘es and opplications in restriction category ‘Hr\eory ((and beyond !)

. ( V,®,I): monoidal ca'regory

A conhv Icoh\’)

~ ()./ ,® L oIts PVQSL\&OCF COj'QgO\f)' with (Day'SB convolution procluct

N conhv ..conV

(L, ,I )- cotegories = (Iocally\ W= 9mo(e.o( categories
Wood “Indical methods for relative categories “ (1996 )

P(X) con be also seen as a generalization of this.

* Find o more abstract Pkoo‘f of the lax slice theorem .

B/e is an oPloo( [imit in BicaTQ, which is Pr'ese.kveol. by (-)-Cat . [F“.')i&Lack,lol‘l-])
However, Y/ € is not o limit in VDb|Cot



May your life be Y-enriched |

:Fl ?’- v

|°| I,,' Ao‘All | An
9 —
~ - ’j § — e 9
% 3 B I c
| | 9.
g
_Zf(c,\&ﬁ' .CCd e)
¢’ 5 -
T Ple.e) -7

E(c,b)
b




Bonus : W/ &

X (C,x, 3) *I X
O\OjeCTS : (c elel, §l n V) Tigk‘\‘ moyPhisms l . oy P
C —f>
' -—';(—9 Y — Cle, )™
Loose mo\rPh'tsms (CJX, 3 ) = (OL":I, §) - SJ, P lg
cC 4+ d
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