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Introduction

monoidal categories & multicategories
시 시

Categories enriched in bicategories &> virtual bicategories
시 시

double categories & virtual double categories

The only non-trivial example of double-category enrichment :

Thm (Cockett
,
Garner "Restriction categories as enriched categories" (2014)

restriction categories"=
" P(StabLatP) - categories



1. Enrichment in monoidal categories

2. Enrichment in bicategories

3. Enrichment in double categories

4. Lax slice enrichment

enrichment for restriction categories



Categories
A (locally small) categoryI consists of :

a collection12) of objects ;
-

a family (2(c , d)) c
.delel

of hom-sets ;

·, a,die
'-

a family of functions (C(c ,
d) x ((d

,
e) 2(c .e)

c.d, eΨ Ψ
f , gCotd ,

d
A , e ) o c ise

(composition) (8of)

- a family of constants (ide = ? (c . c))
,

(identity)
with some axioms

.



String diagrams for n-ary functions Constants are

eccid ) 2(d , es
5x3 O-ary functions !

f k
_=actie ↓ ich
_ ecc . 이

g f ich
_.composition

V _
2(a ,a)

ecces g

。 Associativity (f ; 9) ; h = fi 199h)
8 g h f 9 h

" "

읔
2 (c,d) Esd,e3

binary
5 , g \

읔

= 1 ggh

e(s .e)
function If9]h f , (g , h )



Categories
A (locally small) categoryI consists of :

a collection12) of objects ;
-

a family (2(c .d)) c
,
d of hom-sets ;

-

a family of functions (
2 (c,d) e (d,e)

) (composition) ;

e(s .e)
c, d,e

- a family of constants 1 ich

exc.c)
,

(identity) ;

with some axioms
.



Motivation ofenrichment

Hom-sets 2 (c , d) are sometimes more (or less) than just sets.

eccid ) eccid ) eccid )

函島通
g g

Hom-monoids Hom-spaces Hom-categories

What structure do we need for mathematical objects to form

in order to define categories enriched therein ?



Multicategovies
V

A multicategory U consists of : virtual monoidal categories

-

a collection IUI of objects ; A / ,

β / ,
1

- a collection of n-ary morphisms
Ar ... /An

depending on pairs of an n tuple of objects φ

B

: and an object

(composition , identities , some axioms)

The idea : You can compose multimorphisms in a unique way.



Composition in a multicategory

A B C E G J ( K
φ x x α A

F SH ㄴ 1 A

A
τ ㅇ

I\ In .

α
A

N



Enrichment in a multicategory
U : a multicategory
A U-enriched category & consists of :

- a collection (21 of objects :

- afamily ( 2(c ,d)
c
.deles of hom-objects in U ;

-

afamily of binary morphisms inU of composition
eccid ) 2(d ,e)

( ,

elcie )
'
c , d . e Elel

:

- a family of nullary morphisms inU of identities ;

( ia

2c. ) cele



(atr'd)

that satisfy the following equations in U :

3)b
,
c) 2(c ,d] 2ld ,e) e(bic) e ( c .d ) 2(d ,e)

_ \ ,

ecc
. e )

=

2 (b ,d)

, 1
ecb

.
e ) ecbie

2 (c ,d)
elcid )

id ich eccid )
ー 2 (d,d) e1c, c71

,
= ≥

,

21c
,
d ( 21c

,
d (



Examples
· Ab (or Vecty

,
or even Mon]

objects : sets Objects : Abelian groups

n-ary morphisms : n-ary functions multi-morphisms : multi-linear maps

-> Set -categories are categories -> Ab-categories are additive cats.

· Cat : ∞ 2 = [I ≤ TY

objects : categories
= ,
Its ... Itn tix ... 1tn

n-ary morphisms: n-ary functors Is ㅣ 식

-> Cat-cats are 7categories ~ 1-categories are preordered sets.



I know abou enrichment in a monoidal category.

～

-
a
eEqu⑨ ⑩ Is it different ? Why don't we use that ?

Monoidal categories C > Multicategories

(A, *, I) I 7 ⇌

[Al : In in 7) :=A (JA,A2)--.An ,B
B

JA , . 1) - categories F-categories



Advantages of multicategories in the context of enrichment

Morphisms fro monoidal products are all you need to define

enriched categories. Multimorphisms form a minimal structure for this.

(Multicategories = Virtual monoidalcategories)( " ℃ ol
)

-

응

ㅣ 요
2 Multicategories are a coherence - free framework !

Accordingly , the definition gets simpler . ((AQB) & () & D => (A & B) & (( * D) =,
*

sid ↴ Ax(B & (<& DL)
A( ④ (Boc)) *D ℃ A☆ ( (BoC ) * D) 글

3 Multicategories are mor general than monoidal categories.

Eg. Grp is a multicategory but not a monoidal category (representable).



virtual
1. Enrichment in monoidal categories

virtual
2. Enrichment in bicategories

virtual
_

3. Enrichment in double categories

4. Lax slice enrichment

enrichment for restriction categories



&bjects with extent

2 (c,d) 2(d,e)
eccid ) 2(d ,e)

응 ?
elcie ) generalize

elce )
→

...
d...

Eld,el
a

…
d
.

e(c,d) e(c,d)
->.

Eld, e.
bluea

C
… , …

C
… …ㆁㆁ…

…
.

……

Eccib) eccies
…
…
e

E(cib) eccies
…
…
e

…
b …

b yellow

orange



Virtuabicategory
A virtual bicategory ( consists of :

- a collectio obs of objects ; A
,

B,
C
,

, ...

A BC

p
- a collection of 1-cells ; A→

P
B
…

A B

-

a collection of multiary 2-cells ; Pi P2 Pn

: や
A,.. Pn

Ao All ㅣ An

A。 H x *An
φ

교 ↓
4 No composition of 1-cells.

Composition of 2-cells is defined similarly to multicategories.



Enrichment in virtual bicategory
:virtual bicategory cf

.
Street" Enriched categories

A -enriched category & consists
of :

and cohomology" (1983)

-

a collection 12) of objects :

-

a function H : 121 -> ob assigning the extent to each object ;
eccid) eccid )

- a family (21 < 1)
c .deles of hom-1-cells ; 으 악

- a family of 2-cells of composition ;- a family of 2-cells of identities ;
2 (c,d) 2(d, e) 2(c,d) 2(d ,e) s 드

&> 1 > d i s e 악 # id
# 드

, 드 ㅣ
ㅣ Ela

, c) ecaics
2 (a , el ecc

. e ) ↓ some axioms



Example /

A Rel-category I has
the extent ofc Let us write

- acollection 121 ; 요 - x ≤ y
-

a family of sets (Xc/celes ;
-
When (x

, y (EC(c ,d)
C(a

,
d)

-

a family of relations (Xc 1 <Xd)
<
,delel ;

S.T.
.

ー ≤ } ≤ Z ⇒ x ≤ ε ( xε Xc. YEXd
.

ZeXe ) :

-

x ≤ x ( x ε Xc )
.

obt
This is a preorder on HXc .

( x,
℃ , 出 F )C

~> A Rel-category is a partitioned preordered set. .
Fe

setpreordered
set



Example 2
A Span-category I has

the extent of c Let us write f
- acollection 121 ; 요 X for

x→ y

22a, , di-

a family of sets (Xc)celes : y { ΨEla
,
d)

-

afamily of spans (Xc 1 <Xd) ; Xcx x 'syXd
x

f
- a span morphism 2(c

,
d) xxa2(d , el 2x→ Y = y

'

→
g
Z

I
ㄴ I

Xcr
□

V

웃 □
>
Xe ;

78
> z

:

(
identi飛ioms

' ' 2(c
,el obt

( x, , 出 F )π E
~ A span-category is a partitioned category. category set



Example 2'

Fora category E with finite limits,

a Span (2) - category has a family of objects (Xc) celel

and compositional structure

21c
.
d) xEld , e)

= 2(c , e) internal to .

· A single-object $pan (2) - category = an E-internal category
· A Span(2) - category with X c = 1 (vc) = an E-enriched category

cf . Betti
,
Walters "On cocompleteness of locally - internal categories" (1987)



Example 3
2 : a preordered set ->2 : a bicategory

{I ≤ T } if a ≤ b
,

ojbects : a ε t , L (a , b ) = { E로 otherwise.

Composition of 1-cells is given by .

A2- category 2 consists of

-

a collection of objects 121 with the extent 121 > L ;
-

abinary relation & on objects s
.
t. Y= 1 ;

that satisfies reflexivity and transitivity.

->AL -category is a preordered set Cw/an order-preserving map (L .



Example 4
Fix a category S. We define a (virtual) bicategory & as follows.

objects : objects in S

I - cells A : x iby : A ≤ S ( x .y )

2 - cells AI An
There is at most one cell .

x
>1..

. > n-1 :

xo 시 , xn I+ exists when

i., Fixci EAi (Vis
f1g ...; fn

xo > n EB

A-category is a concrete category in S.

Rosenthal "Free quantaloids" (1991) (Ct, F (
i

Niefield "Change of base for relational variable sets" (2004) category faithful



More examples
· Sheaves on a site (2

,
T) = Symmetric Cauchy - complete Rel(2 ,T) - cats.

Walters "Sheaves on sites as Cauchy-complete categories" (1982)
· Fiberwise Cauchy-complete fibrations over2 = Cauchy-complete NCC)

-

cats.

Betti
,
Carboni

,
Street

,
Walters "Variation through enrichment" (1983)

· Categories locally internal to 3 = Span(3) - categories with certain limits

Betti
,
Walters "On cocompleteness of locally - internal categories" (1987)

· opological categories = Total &set - categories
Garner "Topological functors as total categories. " (2014)

! Bicategories enriched in a monoidal bicategory are a different concept. -
(A connection is given in Garner , Shulman" Enriched categories as a free cocompletion". (2015)



Functors enriched in a muticategory
A r-functor F : 2 ->& consists of :

-

a function F1 : 121 -> 81 ; 8 object assignment

eccics morphism assignment
- a family 1 Fc

,
c ) ;
8 Fa

,
Fal

9
,2'Elel eccics

S.T.
. _ ↓ Fa ,a in 1

8 (Fc , Fa')
2)c, ') 222', a"S eccsc

'

s Esa', a "3

ids
Fa

,
a Fa, a" eccc ) idfse

(c. c)
=

(8JFC, Fa"),
FC, c =

Fa ,a

YCFC , FC) D (FC , FC)
8 (FC, Fa"] 8 (FC, Fa"]



Functors enriched in a virtual bicategory

A U- functor F : 2 ->& consists of : lel I
* 1

,o 1

-

a functio IFI : 121 -> 181 that preserves the extent;
브 ,티선

eccic) ℃
↑ obx

- a famil
Es

Fc
,
c ; 2La , a')

ㅣ

S.T.
.

1 듀
8IFC

,FarEl HEC
ㅣ

2(c,c') 2La', a"s eccacs Esa', a "3
8IFa ,Fa')

≤
c
"

ids
_

드 Fa
,
a a Fá, a" ecccs

드 ecasc
'

s

=

J BJFC, Fa") idfs

' Fc
,
c I =

Fa ,a ¤ 드

8 (Fc , Fa) 8 (Fc , Fa)
8 (FC, Fa"] 8 (FC, Fa"]



virtual
1. Enrichment in monoidal categories

virtual
2. Enrichment inbicategories

virtual
_

3. Enrichment in double categories

4. Lax slice enrichment

enrichment for restriction categories



Virtual double categories
A virtual double category X consists of

A A
- a category No of objects and tight morphisms 5. . . f

√ B
B

p
- a collection of loose morphisms A→

P
B
…

A B

-

a collection of multiary cells ; Pi P2 Pu

: A .P , …" An
Ao Al ㅣ An

킨 φ ig f φ g

B d ' c B { C

4 No composition of loose morphisms

Composition of cells is defined similarly to virtual bicategories.



No, thanks.

Enrichment in a VD

How should we use tight morphisms in the definition of categories ?

eccid )
α
2(d ,e)

∞
드
, 드 ¤

ecciel

A virtual double category N has the underlying virtual bicategory eV

of objects , loos morphisms , and cells with right identities , and

V-categories = IV-categories.
A difference lies in functors.



Functors enriched in a VDC

A V-functor F : 2 ->& consists of : lel →
It 1

,o 1

-

a function IFI : 121 -> 181 with a family (EF)e)
브, ⇒1신

山。
ecics

「

드 C & (a , a')
C Fc

,
c C ㅣ 뜨- a family (FE File celes: _

1

Fシ FcL Fa
,
a ↓Fa

S.T.
.

DLFC
,
Fa'l

\ > FcEC
8JFa ,Fa'l-

≤
드

Fc.c

*
Fc,c"
¤ ids E

드
C
"

=

、 F“ ' ≤
_

idfs

^ '

뜨
Fa ,a

Fc"
뜨 Fc" o

FC, C
二

_

-



Span vs Span
Rememberr...

a $pan-category = a Span-category =
a partitioned category

( Iε
.
c
,
obt

F
, c )

bicategory doubl category

H ℃

1 ↓ E : functor
,

Ih : function
( x. C. F ) D

pan-functor ↓
S.T.

.

obst →
F
C
「

車 | だc : F℃→ G
'

(hic)
Span (Y

,
D
,
G) b린 a th &

oby
G
' D isheidentity



gn us Gu

2 : a preordered set ->L : a bicategory
{I ≤ T } if a ≤ b

.

objects :a = L, _ (a , b ) = { E} ·therwise.

a

This extends to a double category Gu by 9 := ×

i- categories = Go- categories
℃

= pairs of CE PreOrd & 브
ㄴ



gn us Gu

2 : a preordered set ->L : a bicategory
{I ≤ T } if a ≤ b

.

objects : a > L, 2(a , b) = { E} ·therwise.

This extends to a double category Gu by 9 :=
C
F
, D

&2-functors (H) -> (E) = inPreOrd
브브

ㄴ

? X FC

C
F
, D
←

≤R2- functors (H) -> (I) 1 v E in Preord」

ㄴ



Restriction categories = ↑(Stablat)
- categories

Ever since categories enriched in a (virtuall double category was

introduced by Leinster in "Generalized enrichment of categories" (2002),
there has been only one paper that gives "naturally occuring examples", which is

Thm (Cockett
,
Garner "Restriction categories as enriched categories" (2014)

(the 2-category of restriction categories)
SI

(the 2-category of P(StabLatP) - categories)

& Where does this IP(StabLatP) come from ?



virtual
1. Enrichment in monoidal categories

virtual
2. Enrichment inbicategories

virtual
_

3. Enrichment in double categories

4. Lax slice enrichment

enrichment for restriction categories



&utline of Cockett and Garner's result : Step /

Prop The 2-category of restriction categories is equivalent to 2 -Cat /ldf Stablat,

the locally- full sub-2-category of the lax slice 2- Cat/StabLato

요

· O-cells : A
F
, StabLat · 2-cells :

ㅐ →· 1- calls : A
φ B ATCB A B
V KE YEd

=

λ d
녀

StabLatop StabLatop StabLatop

whose

{ O-cells are local discrete fibrations , and1 - cells are those whose Ya's are representably discrete fibrations.



Outline of Cockett and Garner's result : Step 2
Thm For a 2-category K ,

there is a double category PCK)

s.T.
.
P(K) - Cat = 2- Cat11 K ^

edf

IP (R ) : . PC )ok = Ko

·P : << ' in P(7) is a presheaf on K(, ) .
· Cells ... (use the convolution product)

Thm /Fuji , Lack "The oplax limit of an enriched category" (2024)]

B : bicategory , 2 : -category -
= Ble : bicategory

s
.
+

. (B/2) - Cat = (B - Cat / 2.



Lax slice enrichment

Prop [ACCINT]

V : VDC
,
2 : N-categorym

=>XXC : VDC

s
.
t

. (V/2) - Cat = N-Cat/2

P(StabLatP) is a sub-VDC of [Cat//Stablat,

wher [Cat is the cart
. mon . cat . Cat seen as a double cat (the delooping) .

Cor [ACCINT]

N : VDC
,
N'EV, 2 : N-category m

=>V/x. 2 : VDC

s. t.
. (X/x . 2) - Cat = V-CatYev &

In fact
, [Cat//IDFibK is equivalent to IP(K).



Relators (a .
k.

.a. distributors
, profunctors , bimodules)

Def 2
,
8 : categories

A relator 2 1 & is a family of sets (P(c ,d) celel
,
de18

with operations eccic ) PLa ,d) Pla ,d] 8 (d , d's

XP Pp

Pla',d) Pla
,
d'C

that satisf some axioms.

e

tf .mi dg
Pgg

Categories :: Functors :: Relators ≈ Sets :: Functions :: Binary relations



VDC of categories , functors , and relators

CAT : objects : categories, tight morphisms : functors

loose morphisms : relators, cells : natural transformations

This defines a virtual double category.

There are many variations of this :

· N-CAT whose objects are N-categories.
· RestKAT whose objects are restriction categories

and loose morphisms are restriction relators.
DeWolf "Restriction category perspective of partial computation and geometry" (2017)

Thm[ACCINT) ([Cat/[DFibK) -DAT I RestDAT



G2 as a lax slice
Recall ... 2 = {」 ≤ T }
2 : a preordered set -> GL : a double category

51 < T3 a < b
(G い 。 = L . Gula , b ) = { {±} otherwise

르 1(2 (a
,b )

Q2 = 2/2 m G-RAT = 12/L)-KAT = Preord/L

Remark This construction makes even a monoidal category into a double category.

Double Categories

Bicategories 1P (K)

Monoidal Categories RP의 u …

Set,
.
Pos

.
Cat *pan～㎥
Slice Lax Slice



Enrichment
, functorially

the 2-cat . of

· 7) - CAT gives a 2-functor UDbICat <NUDbICat. normal VDCs

7-)-Mat Modh
In fact

,
it is the composite UDb/Cat > NDb/Cat >NUDbICat

.

A V-category is (just) a monad in the virtual double category ofX-matrices.

· (-)- CAT is a familial 2-functor
. Fuji , Lack "The familial nature of enrichment

In particular , it preserves all connected limits. over virtual double categories" (2025)

1 This is not the case for MonCat
(-)-CAT

> 2-Cat or BiCate
H-CAT

, 2-Cat
.
)

· The lax slic gives a3-functor
XVE

* ↓ (-)-CAT , UDbICaF ; (V . 2) + ↓ 、

V
The equivalence we showed is 2-natural.



Future Work

· Find mor examples and applications in restriction category theory (and beyond !)

· (U, x, I) : monoidal category

~ (5, cour, jcon) : its presheaf category with (Day's) convolution product

15, cour, jcon) - categories = (locally) U-graded categories
Wood "Indical methods for relative categories" (1976)

P(K) can be also seen as a generalization of this.

· Find a more abstract proof of the lax slice theorem.

( B/e is an oplax limit in Bicate , which is preserved by 1-7-Cat . [Fuji & Lack, 2024] )However, V/C is not a limit in NDbICat.



May your life be X-enriched.
Pi P2 Ph

" "

?
Ao Al 1 An

\
= { δ φ g

웅 B { C

…
d
…

e(c,d) Double Categories

… Bicategories 1P (K)⑧use2a. Monoidal Categories RDP의 L …

Set,
.
Pos

.
Cat *panEcib! ～㎥
Slice Lax Slice



Bonus : NY2

( C , x . 3 ) 姿二 x

Objects : (cele) , 33 in N) light morphisms ↓ : y φ 3
(d , y, 3) 34 √

드 1 ' f
x sl y 2La

,di

Loosemorphisms (c,
,
3)+ (d .Y , 3) : 3 P13√

E→ f
Elc,d)

Cells : lx ln lx en

>o = >Lo | , 7x , 1 " …→ 2Cn xo 1 , 7x , 1 " …→xnf Ln

fod fod τ If ,

Pi 뒤 Pn 채 K
ㅣ > Y , 4, 뒈

인9.
.동 . 인s. ds ,

し √ し

= do , de , indo 13 %0 1 < G い … 1 " Cn 2(do ,di)
'

-

2Jdi, (n)
-

_
_ _

1)
e(do ,2) e (20 ,21 eccn-1,cuj

ㅣ π ㅣ
융 융

으
ecdo

,onl

d
으

ecdo
, eny

' 낵


