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Double categories

Definition .
A (Pseuol& double category

consists oF

s objed‘S A,B ..

. A
'VEVTICO\‘ crrrows \L'F

B
b

- cells A ——B
£] o ]9, ..

C—1—D
21

* IﬂoHZowm‘ orrows A——B ,

Ol /|6

with compositions o A
VekT\co\‘ arrows [JB/’C
L\OHZOV\T&‘ arrows, lﬁ

P m C

A—+— K— X -

and cells A K
P v fl o |

A=K =X B——L
fl o s v lu 3 < [t

SulD)'eCT to Some Colnerence como('lﬁor\s,



Double categories 02716

Example Rel Span
Oloj'ecfs sets Sets
Vertical arrows fwnc‘rions func:’riov\s
Horizonte! arvows relations spans
P A cell exists i$F
Cells A——B P(Q b) A(_';P‘HB
sl ¢ o 0 (Yeub) £l 2 [ha |1
C——D Q($ay, (b)) C <19 —D

The horizontal iclenﬂ’ry and comPosiT'lon in Re| are :
Lo AR
Tda(a.0’) = a = o (PO9)(a.c):= AbeB. Pla.b)Aq(b.c)



Theovem. [

&

D >~ Re

D is

Con we unﬂy these choracterization theorems °

Relaﬁons and SPomg 03 /16
E’ . QA Yegu|o.\r caTegory

{

Rei (é) :Tl'\e double C&"’eaolry O'F

relotions ihTekha\ to C

_ambeyt 22]

(e) Tor some &

C : a cafegory with Fin. limits
{

the double Ca‘l’eaolry of
spans in €
Theorem. [Aleiferi “19]

D 2$Pan(t’,) Yor some &

D is

Span(e) :

S

?
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Stable Orthogonal Factorization Systems
DeZinition.
An OFS on & is a pair (EM) of E.M S mor(E) st

(i) E and M are closed under cOmPosiﬁon andl Confain Isos .

G;) E Md. M e o)f-‘l"\o om[ . .._').
d Es ]| em

(it1) Evevy mrph'sm in C is Foctored as o composite of Movpkisms in E and M |
An SOFS on € is an OFS with E stoble under Pu”back,

SOFS Re| the double category of
(E.MYon € - (E'M)(E> | M- relations



Relations relotive to SOFSs 0S /16

DeTinition . C has ?in.‘imi'fs, (E.M): OFS o €&, I,J € ob(k)

Av\ M-relotion I-+J is amovPhism R L>I><J e M.
Proposition. [HNV. 281 (E.M) @ SOFS on & with fin. limits

Rel(e‘m(t\ : 'H'\e doula|e Ca:fegovy 0'§ M"YelO.Jl"IOhS
(R,v)

I /K RL)IxK
ul o v inRelgw®) &> 4] a  [uxv ine
J(—'—>S$)I_ S?Jxl_

IS a cartesian equipment.

Remark . Stability is needed Tor the associativity of horizontal composition.



Characterization theorem
Theovem. [HN.25]

FOV' o ol.ou.[)le ca‘l‘egovy {D,H\e 's:o”owivxg ove equiva’ehT.
(i) D is eq uivalent to RQ‘(E,M}(E)

(i) ¢ D is a corfesian equipment.

°* D has §1‘P-0hg_ tobulotors and Beck"CL\evaHey Pu“backs,

e _T A 5AU
F'b([D) - {'?% B/—-‘—?'l - o tabulator oF R}
3 R

IS c|oseo( under comPosiﬁon,

LT these hold, M is “the same as Fib(D).

06 /16

For some s’inife\y comp|e1‘e Cotegory € and an SOFS (E.M) on it
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’ (RegEPit ) Monoe> on o Yegu\ar CO.‘\'egory C

The characterization thm in [Lembert 22) )

Is recovered From owrs .

~y Rel(e) (

. (Isoe, More) on o cofegory with finite limits

The characterization thm in [Aleiferi 22]
~9 Span(€)

derives Trom ours with aolo(i’riona.l care.

° (EPlC ' S"'VMO”OC> on a quasi TDPOS ) 'l'he DC O'F S"'Y'Ohg. VelOC"IOV\S
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l'egm\ak Ca‘rec_go ries C

‘IEIMOV\Og) \[

SOFSs (E M)

{

Fibrations P
( hyperdoctrines)

“heovem . [ Shulman 712)

P :

w‘qs internal to €

Double cotegories

4
M-velations -
9

'
-

“““ i ke|a.T|or\S w.rt.

the infernal logic of [l
[ Pavlovic 967

a Tramable monoidal fibration ~* Fr(p) : a Framed

loica'regory
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Definition. P:€ =B : Fibration, B has Tinite products , I,J € B

A P—VQ,O:HDV\ I. “"93 }S an ob\)‘ec‘r R e® — -H’\e 'Fikek 0‘5:

I x7J
Example,
Q: a Preordered set
Fom (@)
Fom(@) : the category of Q-valued sets ~ fo | . bration
(Ox)xex where a, €Q Set
ta ~ relotions X—Ri—) Y = Q@-valued relations (M’C'v)xex,ye\'
(matrices)




Compos'rl'ion of B-re lations 10716
Composi'l'ion oF P"lre|o:rions cannot be detined in geneml.

Logical understanding : hot all Tibrations have 3 or = i“’fe"ha”y.

- T, A Tiberwise product
elememary existential iberwise products

(e-e-) -FibYO.TiOHS . (I L)le)*
T, /\’ = 3 — . T
EI \—'_—/ EI"I
] Za
cartesian Fibrations (7 :Ix3 -1 )*
=
(:: ‘FilDV'O.T'IOV\S WH"I'\ 'Plh, PVOO(UCTS> EI*J/_r\ CQ.I
T’ /\ \i-/
(B



PVOPOSi'inh. [N.

R

T —+—7

“l v LV

T '
T2

P

SOFSs (E,M)

Nl

in Bil(p)

M
1 cod
C

?

OFSs on categories
with Finite limits

R
‘P\l, in &
R’

ee Tibrafions

Nl

cortesian i brations

O P-relations

H
—

Bil

—

Double cafegories of [ - relations L1716
e.e.Fibration. ~ Bil (p):a cartesion equipment.

IxJ
uxv | in B
I'<J’

Cortesian equipments

T

X composition of P -relotions




Virtual double cateqories 12 /16

Definition . A virtual double category (vbc) D consists of

. I o
= ob)'ee:‘l's I,7,.. -vertical arrows lu, . o horizowl‘al arrows 1 — K,
J
) An
o (ViVTuo.l) Ce“S Io _|_’I| -+ - _HIn
ul v l v Lor n20

Jo ('3 > Ji

w'l'l'h comPosiﬁons of vertical arrows and cells ﬂ\ocl- sa:l'isg-y some |o.ws.

Double categor-ies

Virtual double ca'fegokies = : :
w/o avl:'rl'ory horizontal Composrl‘ioh.

~> Double categories == VDCs with hovizental composition.
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Observation.

K S s
In Rel, @ cell oF the form w| Nl

) exists it and only i+
X

V(_.N
N\ o

u

(Hy eY . P(X,‘j)/\ ‘1(*5,2)) = k‘(u(x),v(z)) (xéx 2 €/ )

but this is equivalent to

P(x. YY) AQY.2) = (w(x), viz)) (xeX,vyeY, z EZ) .

PkoPos'rﬁoh [N

R: cartesion Lbrotion ~ Bl (P) : o cartesian Fibrational VDC



Main res wlt

e.e Tibrations

noo—

cortesian Fibrotions

Bil

—>

—
il

Cartesian equipments

1l

14 /|6

Cortesian Fibrational VDCs

Theovrem. [N.] P . carfesion Fibration

Fan e.e fibrotion & Bil (p) : a carteSion eq_uiPVnen‘r

u H has 3 and = IH: EBI'(M has comPosiTion .q




Corollaries IS /16

+ €+ a cotegory with finite limits ~ Sub(8) = & : acartesion Tibrotion.

Rel(£) := Bil (Suble) = C) is a corfesian equipment

‘;J’acolos(%]
& SublBY—= T is an e.e. Tibretion ¢ 7 € kegular

fa

+ Q @ a A-semilattice ™7 Fom(@) — Set @ a cartesion Fibration

@-~Rel := Bil (£fa) is a cortesian equipment

| [Jocobs 99]
<= tg5 is an e.e.Fibrotion ¢ Yy @&« Trame.

/
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Conclusions

— Haeh—»-o("’)
— lgc.od, \
SOFSs (E,M) ' | ee. Tibrations| — |Cartesian equipments
Nl noo- Nl

OFSs on categories
with Finite limits

Other studfs & Futwe work

* Connection o existing results on b‘;ca-rego\ries & Ffibrotions

> | cartesian Fibrotions ; Cortesian FVDCs
il

Cartesian bicategories, allegories, hyperdoa‘rrines,

exact cow\Pleﬁov\, monoida\ 'Fib\ra‘l‘ior\s
e Other structures on (virtual) double cateqories

keyworo(s: compac:r/ cartesian closures power objec-ts

keyworols :
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Thank you |


https://hayatonasu.github.io/hayatonasu/

Cham;:'l'ek'\zihg_ Bil (p) Al1/A2

— Rel(-,-()
— l:]gc.od, \
SOFSs (E,M) » | ee. Tibrations| —> |Cartesian equipments
Nl no - Nl

OFSs on categories
with Finite limits

> | cartesian Fibrations H? Cortesian FVDCs
il

For the characterization result, we have :

Theorem. [N.] the 2-cat. of Frobenius cartesian
Bil l/ equipments .
e€Fib = Cartéqp , < CartEq

This will be the Topic of my talk ot FMCS 2025 |



Detinitions

A j}ibrafion P is cavfesian i

F

* B has Tinite Pkoduc‘rs, and
e all fi Eeks EI have '.F'lh'('fe PVOOQUCTS
Preseweol by the base change ‘Fuhc'rolrs,

IS elemen-ra\ry existential (e e)if
e It is cartesian,

o ‘l‘he bo.se chang_e ‘FW\C'I’OVS along_
IxT 5T & IxJ 228, 1«7xT ¢

have left adjoints, and

* BC condition ahd Frobenius reciprocity
hold. for these adjoints .

A2 /A2
A

C
A vestriction of F1 L3 s
8 b

the universal cell

A VDC is fibrational i+ it admits all
reStrictions .

A Fibrational VDC is cartesian
i+ the right adjoints below exist.

! Ja\
D21, DI+’ DxD

in F)/DC :



