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This talk is based on my recent thesis :

Logical Aspects of

Cho.P‘l'ekl : Virtual Double Ca‘regokies

Ca‘regovical Logic meets

Double Categories
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Target examples 01721

Bi category Re | Spar\ F ko‘f’
oEJ'ecfs (0-cells) sets A,B, ... sets A ,B, ... cafegories AB...
| - cells velations spans rof
$ q P oJunctors
A —+>R RcAxB '/ \ P APxB s Set
Y -cells inclusion Span YnaP transFormations
P
A@B R €S (cAxB) /A\\/'/ \\B AOP"B\/{SSﬂ
Pkoducfs (?) A =B A xB A =B
& .
, ocal ono(ucfs RoS i,‘,&iﬁd X A>>SB Y Px Q



Caytesian bicaTegovieS 02/21

Caytesion \oica’regoyies were introduced as o f'mmework

To capfure the ‘i>voo(uc‘rs" in question and umiacy Rel, Span, Prof, .. [cwsn].

PROBLEM
TheﬂFkoo(ucTS” oﬁl O‘CQHS in the previous slide are

NOT the products in the bicategorical Sense.

EXCLMPIQ IV\ Rel’ A+R is +he Pkoolud' OS'\ A and B

C ESA
C >R



——
dhh

Tkey\ / WkQT avre thSQ ‘i)y-oduc-'-s" ? 03 /2]
Rel, A xB is the finite Pkoo(ud' in the Category of 'F(AV\Cﬁoy\g.

W"\a'l' avre They in tevms of Rel ? ‘/’

et A—-“{%B in Rel is a Functional relotion

= R is a le f+ ao(joiv\‘l' n RG‘

Def

A 1-cell in a bicategory is called a map it it allows a right adjoint.

Map(B) C B is the wide Iocally-ocull Sujobicafegory spanned by maps.

A* B seems the tinite ondud- i MQP(B) .



Definitions of cartesian bi categories 04 721

8]

- Carboni, Walters "Cartesian EicaTegovies [° |beEQlcwe

A cartesian structure on a ,Oco.”¥
EoseTal bica’regory B consists of
( limited to | oca"y Pose'l'al bi categores )

o o monoidal Pkoo(u.c-]- ® on B
* & unique cocommutative
comonoid structure
(Ax % —XeX  tx:X —I)
for which Ax, tx have IrigH odjoints
on every X €B
st. every I-cell is a lax

08 + Corboni. K€||y,\l\/a|’revs, Wood  “Cartesian l)ico:regovies T

‘ ' ’ Def (Ckww 28) [Ckww D8]
O q T Odd TVI W\b|e S POST oh y\ Lab . A bicategory B is precartesian if For a precartesian bicategory B,
(i) the hom-categories B(A.B) have lax Sunctors @ BxB — B and
A cartesion strcture on B Pinite Produc'i”s for all A,B I°1T — B are induced.
consists of (ii) the bicategory Map(B) has A precartesian bicategory is
-®:BxB—B I:1—8 TN, products in the sense of cortesian it ® and I above aye
« transFormations valued on maps bilimit pseudo Ffunctors
€a:A—T, §5 1A — A®A,
(IA,B ‘A®B - A, mhe A®R — B
\/ * invertible modification
with some coherent conditions |




Why iS it So hard 05/ 921

Pkouem : the universal onper’ries of the “PkoduCTS” are For maps, hot all 1-cells,

Remember.. .
o category C is cavrtesion

(= has finite Pkoo(ucfs)
g

A
if C ot CxC & 0
3 X a 1

@ Easy To check.

@ ProPekTy‘ like Structure.

Q;®é) Only in terms of the 2-cat. Z:AT

Def

K

i§

Lef+ aoljo'wn‘s in the bicafegolfy
(cortesian objeds, CKwW9l)

: 2-ca‘regovy with -Sziv\ife onduds

C eX is a corfesian object

A\ |
CL C0xC & O+
3 X =

T+ is unknow whether

cartesian bica’regoyies can be gormulm‘eo(

oS Cartesion ob)'ecTs ih Omy Q-Ca'l'egoky.




Ques’riov{mg E’lcoﬁegoﬂes 067 21

MaPS themselves are not the P\riw\i‘i‘ive dota of Eicafegohes,
kaing it difficult to formulate universal properfies for them.

TL‘\QV\, why OLOV],T we. SeParaTe “MO&PS” gkom e+ aoljoinfs

as a hew kind of 1-cells,

and define the Finite products in terms oF these T-cells?

d
Double Cod'ego\ries [
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Double categories

De+

A (Pseuol& double category
consists oF

s objed‘S A,B ..

. A
'VEVTICO\‘ crrrows \L'F

B
P

- cells A ——B
£] o ]9, ..

C—1—D
21

* IﬂoHZowm‘ orrows A——B ,

077/ 92|

with composiT'lotqs of

A
vertical arrows éﬂc
L\OHZOV\T&‘ arrows, lﬁ

P m C
A—+— K— X -
ond cells A K

p m fl o |
fl o s v lu 3 < [t

subject to some coherent conditions.



Double categories 087191

Exam p le Rol Tpan Prot
Objects Sets Sets Categories

Vertical arrows functions Functions Functors

Holr'lzowl'al arrows Yelod"lons spans PV‘O'S: unctors

Il exi ' .

Cells A ——B AC;(:"SS T A B AXB ¢
U o (Yab) £l 9 ko |¥ FRal Ut T Set
C—=D || 25, 8(b) C—lal—p &%

Remayrk e.g. the comPos'l'l'iom o’F SPQV\S

The horizontal ComPosiTiOV\ IS kequived zlp\iohl\.;,

to be associative omly up to isomorphigm, A,_/‘:P'\_s Bl_/ CH\,\

C



Notation
Tda
; A o A== A
/T \ =f| T |%

/e-ﬁ. In Rel  the cell iw\Plies H‘\QT\
o=a = P(F(oy, 3(a))) (Va,of>

\ - = P(f(a),%(a)) (Vo) /
A B
Similor 'FOV -F\at 9
- .

This convention isjusﬁﬁeol b)’ AVDCs
(See the next talk by Yuto Kawase.>

09721

Equipments

In Rel a function T gives rise o

o functional relation Rgz.

Ce”s o{escviloe 'H’\’ls SItuation as

A A R:Jl > B
//n&f P\;m//
AP :
.P

Re (o, £ (ay) Rs(a,b) = T(o) =b
///:.\f A AR A B
+ AgeB = f(x)s, /o = | v |
;\g% B A—R‘?B A_R'?B



Equipments

Def | [ Shu man 0% Aleiferi “19]
A double category is an equipment
A
7 every vertical avrrow | # admits
: * S
A—->B and B—A with
T
A A——B
7N Ny
A ——B B’
N f* St
A B—+—A
/N N
B —— R

|10 /2|

A
VRN A

A——R =

#\S/ B jc

and their
O(uals ho|o(.

Exavm?\e
Ih lPko‘F,'Fov F\C——)D
F¥(e o) := D) (Fe 0): T-+>D
Fe(e.®) =D (0. Fe): D -




Restrictions in equipments

Example

A/ B/
For £ | 13 in Rel,

A & B /7 S /
there is the |avge51‘ velation A—RB

A S B
£l n |4

A—I'{—>B

s.t.

/\/aw\ely,

def
RI£;93] (a.b) & R(F(),9(b))

This is achevied with the composite

/¥ ¥,
A—ILA—RI—>B—3'*B.

11/ 9|
Dof A B
: A restriction of £ la’s
A —— B
P
i
A/ PH:=; 3]> B/ -I-oge'rlr\er with fl corf | 9
A——B

‘H’\od' shows The ‘Fo”owihg Lmivevsql Pkopek‘l‘y3

X —hs Y X —tY
x|} Y 3l x) 3 Y
A3 B = A" —— B’
£l ! £l cort |9
A8 A8




Restrictions in equipments 12721

Pl/op

A' double ca‘regmfy IS an equipmevﬁ

L every ’OT Ta has a restriction

Pi-oo¥ AR
*
(=) A _ﬁA’ 1: ;B’_?%B
'P\ﬁ_x ”, I “/gn/g
N —B
exhibit f+p 9" as a vestriction,
(&) A B |
A restriction ‘FJ, l realizes T4

B:: //A

Remark

This is also equiva|en’r to

the vertical dual condition

N B
Fl opc |9
A —— B

We nhow turn to define

"equipmehTs with finite products X




C ortesian eq_u'u Pmen‘l's

Def |( cartesian objeds, CKkw9l)

K: 2"ca‘regovy with 'S:iv\ife Proo(ucfs

C €K is a corfesian object

i A |
Ct CxC & (07177
3 x a 1

_et ECLP be the 2 -cat. of
equipments, double functors, and

veyT iCQ\ 'I'VOLHS)COVWI ation. /'b/

With 'H‘\'ls, we Can explkess the w\ive\rsal

|3 /79|

A Vev-HcaI TVaV\S‘Fovma’rion,

A s F=>G| : D "3EE Consists O'P'

A€ D

GA GA —— GB
Gp

with the V\ocl'umli’ry condition

FA FA — F8
(dAl ) & o<A\|/ olp lo<5> »

A B

PYOFQV'I‘y wi'l'('\ VQSFeCT to vevﬁcal avrows




CarTesian eq_uipmen‘l's |37 2]

Def (cartesian objeds, CKkw9l)

K: 2"co.'regovy with ?iv\ife Proolucfs

C €K is a corfesian object

i+ A |
Ct CxC & (07177
3 x a 1

_et Eqp be the 2-cat. of
equipments, double functors, and

vevTica| Tmnsforma’rion.

With 'H‘\'ls, we Can expless the w\ive\rsal

P\ro‘)ek'l‘y WH'L\ VQSFeC'I‘ to vevﬂcal arrows

Det | [Aleiferi 19]

A Cartesian equipment is

Qa calktesian objec:‘r n Eqp

Fm\? (Uhmve“hg the data) [Aleifer; 9]

An equipment D is cartesian ity

(1) 11S veVTical COLT€90V>/ IS cqy'l‘esialnl

(i1) the hovizontal hom*cod'egovie_s D(A.B)
ave cartesian for A,B €D
(i) The lax functors induced by (1), (ir)

DxD 25D 1-5D
are double (= pseuds) Functors.




Move examples of cartesian equipments

o Rel(€)

C:a veg[ulouf category
* Span(€)
c G Ca‘l“egtovy W/ Finite limits

* [Rel (E.M) (%:) [HN."25]
(E,M) : an SOFS on &

| 4/ 9 |

 Prof (S)

S a category w/ Finite |imits and

(internal profunctors )

Stable coeqyalizev.
e S-Prot

S: a cavtesian category w/

(enriched profunctors )

coeclualizevs Pkesevved [oy (A x= )/S .

° I.LQX '- ob). : ca’regovies w/ 's:}nife limits

k
A ‘E_’B > A _'C)B fin. lim.
Fl T lG F Q_{)S ~“/ G(,-'/j PV‘QSQV\/iV\a
C _\‘_%D C TD 'Fuv\cl-ors



Mevits in cartesian equipmen‘rs

° EQSY to check the condition

Example Rel is cortesian.

Ekoo’f A

RQ‘ X Rel ) 4 > FRQ[

R R, R<R
A—+—B A—HB, Ax A —>BxB
(g o1 |9 Lo |9 $xT] A | 2=
C 4D C—+>D Cx C'——>DxD"
S S S xg’

X =5 X sy X —os
(sL ot Jt, s o Jt)|s] A leets
A—-—>B A —pB || AxA ——BxB’
R R RxR

® We”‘belf\aveo{ WiTl’\ some constructions
The gene\ral ‘I'P\eotfy of cartesian okjecfs

hel pS us construct a hew cartesian equipmenTs,

15792

Example

I:PP‘DJ: = Moo(($‘>am) IS a Cartesian eq_uipmen’l‘.
proof

* Mod
Eq_P —> EQ_P preserves X and 1
= lists to EQPTZQYT e, ECLPCQVT.

( We need to assume local coeq.ualimks for equipments )
that we are QPPlyina Mod +o. * is $or this condition.

 Flexible

We ho longe.r V\eeo( to Take W\OLPS as VEPTiCa‘ Qrrows

EXQMPle MQPS In P PO'P heeol not Be O'F 'FOH'V\ F*.

They ave “Lunctors up to Caucky compleﬁovn'.'



Cartesian bicm‘egovies VS cartesian e@uipmenfs

Q. Is there a cartesian equipment

whose hokizohTa| Pav‘r (S B ?

(B : CaVTe:sian bicocregovy)
A Almost.

Vevi'ry's PhD thesis presents
MaP(B)

a double l:icaTeg_oHca\
(@ cartesian eoLuiPmenT

whose |nov'|7.owl'a| PavT (S B

_l—l'\is is inevitable due to the col'\erev\ce \
Pkoblem without further assumption

6/ 92|

@ Ts the hokizohfod Par‘l‘ of D
o cakrfesion bicaTegory ?

( D : cartesian equipment )

A. Yes. [Patterson24,N.25]

I
‘ Diagkamma‘l‘ic PkOOf
AbSTch Fkoo‘? based on Trimbles de‘fihifioh,

R emark

[N.25, Lemma2.5.15]

T his theorem stotes that Ax B
in o cort. eqp. has the universal property

hot only among vertica|l arrows

but also among maps of hovizontal arrows.
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DOULHE CaTegm»ieS o‘f' Yelod'ionS 177721

Double CaTegovies Jrhcrr serve as Semantic environments

Fov predicate [ogic by modeling binary velations

O X
Rel (€) Prof (S)
$pan (€) S-Frof

Rel (g.my (€) Lex

Whot set these apou#r? )
. P
7 Horizontal oarvrows A = B ave !

(4
Syvnmeﬂry/mvoluﬂom ? OM\/ depeno(ev\-t on AxB"



Definition 2.1. (i) An object X in a Cartesian bicategory 1is discrete when the | 31 9|
multiplication A% and the comultiplication 4 y satisfy

(D) A-A*=(4*®1)- (1R 4).

e are forgetting the associativity in the middle.)
(i1) A Cartesian bicategory is called a ‘bicafegory of relations’ if every object is

discrete. [ Corboni, Walters 8 7]

This condition was |ater VePhVaseo( as the Frobenius law , because this is eq}{ivalevﬁ' To

the condition $or Frobenius algebra [WW 08]

> = S

The Frobenius law for cartesian loica'fegom'es state that

o . X o~ R When A—l'o'LA S
Ja ( Ly o A~ > — | understood as
YT oy Y fiw {(a,d) a5 a’}



The Frobenius law 19721
The Frobenius law For Eicoﬁegovies /equipmenTs appears in the literature

To Cl'\amc’rerize a certain closses of those bi/double ccn‘eg_ow'es,
[CW 88, Ww s, LWW 0, Aleiferi 12, Lambert 23 HN 25)

What does the Frobenius law actually mean?
Prop| [WW 08, HN"25, N, 28]

A Frobenius cartesion equipment

Q|Wa>/s comesS w'r\'h Q. (l'\ovizom‘al) Se|¥-dua| COWIPOLCT C,OSQO( Structure w.rt. X

AxB—sC on the horizontal bicategory
in the sense of [Sm\/ ’13],

A — B x C




The FVOLQV\.IL{S |QW omo[ ‘S:.(bVQ.HOV\S 20792

Thm | [N. 25] Up
A Frobenius cart.egp. D induces an elemem“avy existential fibration | Up -
Do

'H\e base ca'regolr\/ = ’rlwe VEVTiCO\I coxTegovy [Do

P
the Fiber over A = the category of horizontal arrows of the form A—1

A ——
and cells I < |l between ‘I’L\em,
A —

cortesian lifting along [ = restriction §| cat |
B B——7

Remoark What is not obvious is the Frobenius reciprocity Tor HUp.




_r|f\e FVoloen'luS Iaw omol ‘Fibka‘ﬁov\s 21721

Thm | [N.25]

Thm

Bil

A Frobenius cart.eqgp. D induces an e|emewravy existential Tibration | Up -

[N.25] We have an equ'lvalehce EQ.Pcak’r,Fvob i—> EEF—

Remark Tts inverse is FEF— E‘?.PCarT n [N.'?S].

AR
£l T |3
C—gﬁD

See SideA of this talk.

In

-)'l\(FW

Up

D,

I \) T in P

AxB > CxD R
<9
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Thank you!

my l’\omepage :
haya-ronasu. 3i‘rhub. 0

my thesis
arXiv:2501.17869



Appendix : the Frobenius law in equipments  [A1/

In terms of cartesian equipments, the Frobenius law can be stated as

A A_Q A A A
YA o
the Pu”back A=A /AxA is Foctored as AxA'/Tnpi]j\AxA
Ax O(\ . o \al’ / i )
“ AxAxA 3 *E NN
(the BeCk"CheVa”ey pullback [HN 261 )
Elew\eV\‘\'aVy Existential Fib. Cartesian equipments
|| 0 i
bi fibrations Finite products with B li the Frobenius law
the Beck“Clﬁevalley condl . &—
-+ For- A, T
the Frobenius veciProci’ry |




