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/Target examples O 2

3 icategor、 Rel panS Prof

objects (O - cells sets A
.
B
.
… sets A

.
B
.
… categories A .

B
. …

i - cells relations spans f g profunctors
A 1 , B REAXB AL '

B P : AOPXB→ ets

2 - cells inclusion
spanmapstata.

transformations
g P

A ↓ ら B RES ( ← - × 3 ) - Cn K
' B

AP ×B ↓τ : Set
1 Q

products ( ? ) A × B AXB Ax B
& fiber

local products Rns
product X 夜 Y P × Q



/Cartesian bicategories 0 2 2

Cartesian bicate@ ries were introduced as a framework

to capture the produd' s
"

in questionandunifyRel , Span, Prof. . CW' 87].

PROBLEM

T he products"ofO - cells in thepreviousslide are

0 the products in the bicategorical sense .

Example In Rel
.
AtB is the product of A and B .

C R, A
C R , A + B ( C IRz , B 1



/Then
,
what are thoseprodcts

" ? 03 21

In iRel
.
Ax B is the finite product in the category of functions .

ーWhat are they in terms of Rel ?

Fact AB inRel isa functional relation

⇒ R is a left adjoint in Rel

Def A I -cellin abicalegory iscalled amapifit allows aright adjoint .

Map (B ) ≤ B is the wide locally- full subbicategory spanned yb maps .

Ax B seems the finite product in Map (B.



/04 21Definitions of tesianar bicategories
Def 1 《 W '

87]87 Carboni. Walters
"

Cartesian bicategoriecI
"

A cartesian structure on a locallymnwm

posetal bicategory B consists of
muum( limited to locally posetal bicategories. o a monoilproduct * on B

a nuiquecocomutatmive
comonoid stracture

(Ox : x → / * x
,
tx : × 3 I )

for which Ox
,
tx have right adjoints

on every XEB

S
.

t
. every I-cell is a lax

comonoid homomorphism .

'

08 Carboni Kelly ,Walters. Wood
"

Cartesian bicategories I
'

Prop (CKWW
'

O8]Def ( CKWW
'

O 8 )
'

09 Todd Trimble
'

s post on nLab . For a precartesian bicategory B ,
A bicategory B is preclesian if

lax functors x : BxB , B and( ; ) the hom - categories B ( H .
B ) have

efD 3 A cartesian strcture on B I : } , B are induced
.

finite prodctus for all A .
B

.

consists of
Def 2 A precartesian bicategory is( ii ) the bicategory Map (B) has

O X : BXB SB
.

I : T , B
finite prod cts in the sense of cartesian if x and I above are

o transformations valued on maps pseudo functors .

bilimit
.

EA : A→ I
. SA : A . A *A

,(πA
.
B

: ADB SA
,
πA

,
B : ADB ) B

V o invertible modification

with some coherent conditions
.



/Why is it sohard ? 05 2

Problem : the universal properties of the products"
'

are for maps notall -cells .

11

Left adjoints in the bicategory
Remember

…

a category と is cartesian
Def ( cartesian objects . CKW

'

91 )

( = has finite products)
K : 2 - category with finite products

Δ

if c t
"

exc & と 定っ
CEk is a cares ian object

「

ヨメ ョ 7
Δ

2Easytocheck.
if c

ョ
」
'

cxc & C定 1

X ヨ 7

roperty'plikestructure. It is unknow whether

cartesian bicategories can be formulated
Only intermsof the2- cat. CAT

as cartesian objects in any 2-category .



/06 2Questioning bicategories

Maps themselves are not the primitive data of bicategories .
making it difficult to formulate universal properties for them .

い

Then
, hyw don
'
t we separate maps

"

from left adjoints

as a newkind of I - cells
,

and define the finite products in termsofthese T - cells ? ?

11

Double categories ! !
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/Double categovies
07 2

Def

A ( pseud) double category
with compositions of A

consists of vertica arrows df
'

B

objectSA. B .… horizonta arrows
' 出 g

A P
o vertica arrows If

,
…

A 1 " k im , x

さ PokB and cells '

f σ s

P
ohorizonta arrowsA P , B

. … 金 1 " k M , x B い さ
P f σ ¿ v du a τ ut

o cells A い B B い い Y C ∴ ' M
f

し

σ ↓ g … q n

C q
' D subject to some coherent conditions .



/Double categories 08 2

Example IRel span Prof

Objects sets sets categories
Vertical arrows functions functions functors

Horizontal arrows relations spans profunctors
P A cell exists iff

Cells A 1 , B HEIPI , B ×APB P

f τ 1 g
Plab ) vaibl f

V

a tha ugf.He' ; Set儿
C い D q ( f (a )

,
g ( b ) ) cs la 1 D COPXD q

q

Remark e
.g .

the composition of spans
The horizontal composition is required IPoql

V
1pl
← Yal

to be associative only up to isomorphism . AL
' BL ℃



/Notation Equipments 09 2

IdA

f
A
g

. 一

A 1 A In Rel , a function f gives rise to
L τ 」 f τ g

V

B
b
' c 師 " ℃ a functional relation Rf

.

P

Cells describe this situation as
ee g .
In IRel

,
the cell implies that

A A Rf, B
a = a

'

→ P ( f (a)
,
g (a' ) ( ta

,
a
' ) f m

n 」 f 」1
→ p ( fa)

.
g (a) ) ( a ) A , B B

Rf

A P , B Rf ( a . f (a) Rfla , b ) , fla) = b

Similar for τ

f , a g
.

A
C A

This convention is justified by AVDCs
+ A' = 5

B

(.≠
5
'
AY節 5 ' B

f 」
^/( See the next talk by Yuto kawase . ) B



/Equipments 10 2

Def ( Shulman
'

o 8
.
Aleiferi

'

19 ] A

A double category is an equipment
f A

A A'= f (5≠ f &
if every vertical arrow . f

admits
f 」
β
1 B

し

B B
A 5t B and BAwith A if* , B

f*
and their

f* β
A A い B I duals hod

.

f β A寂 褒α 」 f 」 f*
A " B

,

B
'

f* S
.
t

. Example
f
*

A B " A In Prof
.

for F : e→f
f δ
L γ ' f F

*
( @

.

0 ) : = D ( F楽
'

0 ) : といえ
B fx

' A B F* ( 0 . ℃ ) : = は ( 0 .
F ‰ ) : D いと



/Restrictions in uieq pments
い 2

Example Def 1 B
"

令
'

B
"

A restriction of f 歩 gis
oFr f g in IRel

.

i
. ,

ト 八 B P

R pfig]
' '

' 1 , B
'there is the largest relation A

' S , B
'

A
' p [f

,

; g ]
, B together with f 歩 cart g

1
' S

, B
" ト 1 八1

s
.
t
f 歩 n g

P

+ 八 B
that shows the following uiversal property :

R
qNamely , X a ,y X い丫

def ～

RCf ; g] la . b ) <> R ( f (a)
.
g ( bl」 ョ ! ×↓ 3 v

y

1 = 1 1 , B
"

This is achevied with the composite 影品 歩artig.
R

t '
Bg

P

A
' f* , A 1 " B

A*
, B.



/Restrictions in uieq pments 1 2 2

Prop Remark

A double category is an equipment This is also equivalent to

iff every f
A B

g
has a restriction

.

the vertical dual condition
.

～ V

A
'

IB 1
"

,
q
, B

proof f opc ig歩
⇒⇒

A ,
f*
A
' ↑ , B . ,g

"

B
子 い B

β 11 " l 1 sgf )
AA b ' B

'

eW now turn to define

exhibit fxpgt as a restriction
.

"

equipments with finite products
.

((= ) A B

A restriction fV
realizes f*

B 十 B 仫



/Cartesian equipments 1 3 2

Def ( cartesian objects . CKW
'

91 )

K : 2 - category with finite products
CEk is a cares ian object
if Δ

C 」
'

℃ xC & C定 1「

ヨメ ョ 7
A vertical nsformraaion

.

α : F ⇒ G . ID → IE consists of
Let Eqp be the 2 - cat . of

FA FA→
FP

FB

equipments , double functors , and のA ↓ αA↓ { αB1 ) . 1 ap
AやPBvertical transformation

.
∝ GA AEID GA い GB

GP

with the naturalitycondition .With this
,
we can exressp the universal

property with reslettoverticalarrows.



/Cartesian equipments 1 3 2

Def ( cartesian objects . CKW
'

91 ) Def (Aleiferi ' 19

K : 2 - category with finite products A cartesian equipment is

CEk is a cares ian object a cartesian object in I qp.

if Δ Prop ( Unraveling the data) [Aleiferi
'

19 ]
C 」

'

CxC & C定 っ「

ヨメ ョ 7

An equipment D is cartesian iff

( in its vertialcategoryis cartesian ,

Let Eqp be the 2 - cat
.

of

equipments , double functors , and
( ; ; ) the horizontalhom - categories ID (A . B)

are cartesian for A , BEID
,vertical transformation

.

( iii ) The lax functors induced by ( i ) . ( ; i )
With this ,wecanexress the universal IDXID Y ,1

D

. 7I ID

property with resyettoverticalarrows. are double に pseado ) functors .



/More examples of cartesianequipments 1 4 2

∞ 1Rel ( E ) o |Prof ( S ) ( internal profunctors )
E : a regular category S : a category ↓ finite limits and

o $pan ( E )
stable cequalizer .

oS - Prof( enriched profunctors )
E :

acategory w/ finite limits
S : a cartesian category w/

∞ 1Rel (E
.
M ) ( E ) [HN '25] coequalizers preserved by (Ax - )

'

s
へ

(E .M) : an SOFs on E @ Lex : obj . : categories w/ finite limits

A R , B Aや B
ョ A

K
,B fin

.
lim .

F↓ τ IG F 511@
「

5i) preserving

( R 7 A × B ) EM とい8 e
.
"ぱ functors

L



/Merits in cartesian equipments
5 2

Easytocheck the condition Example
Example IRel is cartesian

. Prof = 1 od ( $pan) is a cartesian equipm nt.proof Δ

IRel × IRel
s

iRel proof上
> * 1Mod

RXR
'

A→ B A'
'

B
'

X

AX A' SBXB
EqP > Eap preserves X and 7

f さ ^ 1 d8 .
tさ,' ,0b ; ) → f×

f

!
'

n 1 ↓ 9 xg , ) lifts to Eqp℃art
iMod
, EqPcartい D '

CXC 17 DxD
s s sts

'

P ( We need to assume local coequalizers for equipments 1
X→ Y Xや Y X やと that we are applying Modto.

*

isforthiscondition.

( st n 1 It , st n 1 dt ' ) $ds n ↓氏tク
'

A 台 B A 宮 AXA
'

→ BXB
' oFlexible

RXRR

. Well - behaved with some constructions
We nolongerneedtotakemaps as verticalarrows

The general theory of cartesian objects Example Maps in Prof need not be of form
=
*

.

helps us construct a new cartesian equipments . They are
"

functors up to Cauchy completion .



/Cartesian bicategories VS cartesian equipments 1 6 2

Q
.

Is thre a cartesian equipment Q
.

Is the horizontal part of ID

whose horizontal part is B ? a cartesian bicategory ?
( B : cartesian bicategory ) ( ID : cartesian que imepnt )

A
.

Almost
. A

.

es. (Patterson
'

24
,
N
'

25 ]

Verity
'

s PhD thesis presents Diagrammatic proof
a oubld e bicategorical IMap B )(

Abstract proof based on Trimble
'

s definition
.

artesiane ipment RemarkY whose hovizontal part is BB This theorem states that AxB

This is inevitable due tothecoherence

'
in a cart

. eqp has the universal property

problem without further assumption otn only among vertical arrows
[N

.

25 Lemma2 . 515]. but also amongmaps of rizontalho arrows .
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/Double categories of relations 7 2

Double categories that serveas semtan ic environments

for predicate logic by modeling binary relations

elR 1 ( E ) (Prof ( S )

Span (E ) S - 1of

IReliE
.
m ) ( E ) 4ex

What set these parta ? ( (

Horizontalarrows A B are ?
(( い

Symmetry involution ? only dependent on AxB
"



/18 2

[Carboni ,Walters .

'

87

This condition was taerephrased as the Frobenius law , because this is equivalentto
the condition for Frobenius algebra [WW

'

O 8]
.

宣 = 。
ー ℃

The Frobenius law for cartesian bicategories state that id
x ms Z When A→ H is

ヨ a
x
凹
a
心 Z

. > 心 understood as( Y m nsw ) y mow
←

{ la
,
a' samoa '



/The Frobenius law 19 2

The Frobenius law for bicategories equipments appears in the literature

to characterize a certain classes of those bi double categories .

[CW '88 , ww' 08, Lww' 10 . Aleiferi ' 19 , Lamber+' 23, HN ' 25 ]

hat does the Frobenius law actually mean ?

Prop [WW
'

O8
,
HN

'

25
.

1N 25 ]

AFrobenicus cartesian equipment

always comes with a ( horizontal ) self - dualcompactcdosedstructurewrt . ×

AXB 1 ) C
on the horizontal bicategory

in the sense of [Stay ' 13 ]

A 1 , BxC



/The rofbenius lawand fibration 20 2

Thm [N
.
25] UID

A Frobenius cart
. eqp .D induces an elementary existential fibration ↓UiD .

IDo

the base category = the vertical category Do

the fibr over A = the category of horizontal arrows of the form A ,

P
, 7

and cells 会 " between them
A α '

ftp

cartesian lifting along f= restriction 金食1
B い 7
P

Remark What is not obvious is the Frobenius reciprocity for UID .



/

SideA of this talk.

The rofbenius law and fibrations 2 1 2

Thm [N
.
25] UID

A Frobenius cart
. eqp .

ID induces an elementary existential fibration ↓ HID .

1Do

丩Thm [N
.
25] We have anquivalenceqp cart

,
Frob ' EEF

IBil
Remark Its inverse is EEF ) Eqpcar+in [ N'25].

A R , B τ
, s

E

f ↓ τ ug in (Billp ) き I I in P
C S

' D AXB ) CXD B
fxg

ees
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/Appendix : the Frobenius law in equipments - 7

In terms of cartesian equipments . the Frobenius law can be stated as :

0 A O 0 A O

the pullback AxA
'

AXA is factored as AxF PPe :A ×A

t idxo
cLart. idxo

'

Oxid , Oxid 」
A ×AxA A ×A ×A

( the Beck -Chevalley pull back [HN' 25]. )

Elementary Existential Fib . Cartesianequipments
"

bifibrations finite products with
1Bil

the Frobenius law
'

he Beck - Chevalley cond . く
十 for D

.
π 凵

the Frobenius reciprocity


