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This talk is based on

Keisuke Hoshino, Hayato Nasu. Double categories of
relations relative to factorisation systems,
arXiv 2310. 19428
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. 3
Double categories oF relations and spans

A( seuo(o> double cate 1S
’ b Rel (£)  Span(®)
an infernal pseudo category in CAT. (2 vegular) (€ Fin comlete)
olom
objects objects m €
[Dxm.—>u>.<1—*u>omtm i -
= cod ct . V=-arrows arrows in C
D. : the cotegory of objects h-orrows| velotions  spans in C
® R — A X il} R Q
and. vertical arrows l A——B | R B A B
: ” "i clusio "R YP‘
D, : the category of ceﬁs nelusien arler A'/ T o«
A — B (Q ) b) € R
horizontal orrows e £l o (% [} / 13
C—D ($eer,9(b)) €S C s »—s D
and cells § ¢ L J

2 g

e.q., Prot , Topos, ... Con we uni?y these ?



Relations relotive to a factorization system

Definition [KleinNo, Kellyo‘?l, Pavlovié"igj
C @ ?fhi‘l'ely Cow\PleTe ca:['eg_ory

(E,M): o stable or‘l'kog_om| Factorization system (SOFS)

. R <,QR,Vg>
An M-relafion A—+>B in € is an arow R — AxBR e M,

(RegEP] Mono) on a vag.co.'l‘. lo+
_ tio
(E.M) "{ "7 M-relations = {kea "

(Iso, Mor-) Spans
The COMPaSiTe RoS of A 'BH B "SH C is defined as
<P.9 Lo = T
T — R*S — AxC where 0 RT/V\‘LS



Double cod‘€g_ov-ies d'Y‘ re[a:l'ive Ve‘a‘l'ions

Definition [ Hoshino=N. ) Goal
Forr- an SOFS (E M) on C 1. Find the conditions that characterize

Ha"-‘(E,M) (C) IS degined as .

the olouble Cod'egolries of relations.

' T : 2 . Recover the factorization system
OLJQCTS ) olo)et:'l's in C
$rom the double category |

vertica| arrows  amows in E,

Double Cafego vies

hovizontal arrows . M- relotions ,
SOFS Re|

cells A f\‘—“"B - kR _n
£ o |3 A“fa % Q>R (&, (RegEpi. Mono))
C _SH D ’F(‘l:: } Q é% (C,(Is:.Molr\)




Choractevization of double categories of relations / spans

The chavacterization has alreo.aly been done for the SPecial cases

T heovem

Theovem

[ Ale '18]

D ~ Spah(t) For some category C with finite limits
i's: and on|y if D is a uni-r-l:ure eiuipmenT with Strong Ei\enbevg_'Moowe

objects for horizental coFoimeo( ehdomorPkisms, and  * ¥

[ Lam 22)

D ~ Rel (&) 'S:or- some kegulav coctegory e

i‘? anot only if ) s o loco.lly Pose’ra\, discrete, cartesian ec;uipmevrr

with subobject comPvekehsion scheme .

Can we generodize these vesults with SOFS's ?
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Nototional remark

Tola
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A
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Eq_u'lpmeh'l-s
S
—— [~
A restriction of ‘Fl |3 is a cell ’fl_P'_)l% st klv k_ la lk
R ® 5] l% 4‘-1 o s
. s, 9 B
An extension of fl la is a cell ~Fl \ l‘i st.
—
The cells e and A are written as J,Carl’ J, and l opcC l :
—_— )

Lem Every \l,_'_yl has a restricsion iff ALY 1_Hj has an extention .

A double cotegory D is an equipment ¥ these equivalent conditions hold .

FPko‘F IS an equipment
L Restriction is substitution

Lem Rel(E,M)(t) IS an eqyipmem‘. of functions into a relotion .
Proof RIE9) o o>—— AxB

A
| cart |9 isqivenb l | $-3
i — é 3 4 R »—— CxD



Tabulator B/l

A +obulator o‘g‘ Aj\—’B IS O Ce”

X
X l‘\.—
£ r 133
/K s.t. '%/ \3 — T
2 o : -
A _F B A E 2 A/: \B [GVOJ'\OLS. Po.re,‘?q]

¥ x is oFco_yTesio,m, we call it a S'\'mhg tabulotor .

= FRE|(E‘M)(E§ has strong tabulators Yor all the horizonta| arrows

P (]} Ma .
ros} An M-relation R§Q—’7A =< B comes with l/' \r

Takulo:ror IS Comprekension O-S: Ye.lo.'\'iov\s.




Beck-Ckeva"ey pullbacks D

P D% l<
A pullback squave LN . of, 4.
P ks A\ :_/B in Set [Ds x< [De )
TC 3
1 (PE), )] ded}= { (a.bd] Flwr =3} < AxB.
extension of p and 9. vestriction of  and 9
This can be described as
’ D . D DE——1})
/ N APC.\AO" | opc. [a
(%) A 1d B = A W B - A—— B
o\ /3 AL g cart |a
C C C —=—C

In gene\rol, a double category has Beck-Ckeva."ey pullbacks if

P D\?»
Lor any Pu”\aack square A'/\’ B in D, we hove (¥).

3¢



Tecknique used in the ProJFs

Sandwich lemma
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Characterization theorem

MO(W\ Tkeorew\

[ Hoshino = N.]

For o double cafegory [D, the 'sro”owimg e equivalen‘l‘.
(i) D is equivalent o Rel g vy (&)
For some %niTelycomPleTe Cotegory € and an SOFS (E.M) on it

(ii) e D is a cortesian equipment.

°* D has S‘"’P‘Oh@_ Tabula'l'ors and Beck- Ckevalley Pu”backs

is closed uno(er composmon,

IT these hold, M is “the same” os M(D)

B/ __‘_} 1@ tabulator of R}




Choracterization theorem
SOFS

Double Cafeg_ovies

Re |
S e
Pro
—
SOFSs Double Categories of Relativized Relations
DCR
SOFS
- /N
E< Epi M € Mono unitzpure locally preordlered
Mono M proper SOFS Wpore Gy locally posetal
/ \ / g om(/e) RE-[/(e)
(Tso, Mov) (RegEpi, Mono) ( P
€ : Fin—complete) (e: regulor




Classes of double category

’, == :':
* D is unit-pure (Ale 18] if every cell v“l__i"':l?r must be ﬂ = J,‘}
AR

PkoposiTioh

[HN.] Rel(e,m(t> is omiT—Pwe &k QEPE.

e D s Iocally preordered i there is af most one cell For each frame.

Pkoposi'l'ioh

* D is Cauchy [Poré, 1) it every AM/TB is of Torm A

PkoposiTiOV\

ﬁ, ¥Yecoveyr

[HN.] %I(E,M)(t) is |ocaH\/ Pveomlereol & M < Mono,

R /’i*\‘
1 B

M*/

S £

[HNJ Relig vy (8) is unit-pure Cauchy & Mopo <M

Thwm [Lambev'r rl'):] Re‘(E.M)(E) . uniT-PuYe,Cauch\/, |oca“y P\reokoleved.

= (E M> =(RegEPi, M0n0> , Zf X kegular_




Futuwre work

y Anego%ies as double Ca‘regokies

BC pullbacks + locally preonlevednessy = |the modular law| = ?

o Connec‘ﬁon To Hype.ro(ocl'kines (Ol'\going_)

Fibrations Virtual Double Categories
SOES Double Categories

a D

( Relational doctrines [Dag_nino.Po.s@uo,li,,B])

o Would-be double cafegovica\ log_ic
(In‘l‘ekho.l |omgu.a.3_e o‘? double co:reg_orfes (ong_oimg_) )
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Thank \/ou.‘.

H ayato N asw

SOFSs Double Categories oF Relativized Relations
DCR
SOFS /N
N unit- pure |0co.lly preordered.
E < Epi M € Mono / N /
/ \ / <o uy\if-Pure Caucky loco."y Pose‘ra.\
Mons CM proper SOFS / \ Vs
/o Span () Rel(e)
(Tso, Mo-) (RegEpi, Mono) (€ : Fin—complete) (€ regular)




A few words on classical vesults

Another equivalent condition to be of form Rele wy(€) s

D is a cartesian equipment with Beck-Chevalley pullbacks

that admits an M-compkekension scheme Fov some stable system M.

opc.
ﬁﬂ)(A,B) ﬁ, M-Rel (A.B) is an eq_uivalence_
o .

In unit-pure double cofegories,

co-Ei|ev\l>ekg_‘Moove ob)ecl‘s o‘S’ l'\ok'lzon‘l'o.l Comoha.o(s can Veplo.ce ‘I‘abu\od‘mrs.

Tabu|a.T0ks o korizon’ral or-ows

Oopc.
D(A,B) T, MRel (A.B)

+ab .

co~-EMs o{' {hovizon‘faj Comonads

,’\OH zoh’ro.| copoiwreol orows

Comon(A) L, M/A < Ds/a
(COP(A)) coEM

NS C;\WQCTeH‘?_a’ﬂoh of gpom ([Alei‘Feki,’[g‘]) )



Funcﬁonally comPle'reness in liTemTu.re

® Covrboni and. Wal‘fek,s Cartesian Bico:regokies I ‘

R , X
For any X =1, there exist ?TR st. _p'/OP:\!
X

X ——1

o Lambert's

[( , . tr
Double ca'regorles ot kelad'uohs

[

Fuv\cﬂonally cmPleTeness = Moho‘CthPVe"\ehS‘foh scheme

-tm\‘f-PuYe + discrete = BC pb.

. discrete = r"“""""P““"e - |°°°‘"7 P"”"Jﬂ'@l = local\y Pose'ro.‘_'

Theovrem

[ Loam 22)

D >~ Rel (E) $or some kegulav cotegory e

33} omol °“l)’ i{: D s o |oca.||7 Pose‘ra\, discrete, cartesion ec;uipmen‘r

W‘ITL\ SU«‘)OijCT COMPYekEMSiDV\ sd\eme (-_—: MOV\O COMPVQLlQP\S'IOH SCL\E”I.e)



Cau.cky, uh\'l'-Pure dowble ca'reg_ories oF w_la‘l'ions

Lem [KeHyf?l,HN.] I¥ FREI(E,M)(C) is unit-pure
‘ o horizontal lef+ aol)'oiw'r has the Form A«&A’LB (e ek nMono)

PkoPosiTiovx [HN) Rel gy (&) s unit-pure Cauchy & Mopo <M

Sketch of pro = L
otch o PVO{- oF ¢ eGE(\MonoZnEnM:IS‘D. 7z

e Povlovic s “MapsI: - Lactorizati “
ovic S QPS . velo.’rlve to O-CTOHZO.TIOV\ S)’STQVMS

%‘(E.M)(t\ Is Caucky,w\if—Puve = Monoe <M

T byPavlovic y
- )
E - Reg_EP| < There is a direct Pv-oo{!



HiS'I'ory

! Bico:regovies of spans and relations
Casboni KaSanaian , Street 1984

4

Relations SFams

Cal’Tes'lah bica‘l‘eg_okies oF vrelotions —&
( Cavboni, Walters 1987) Cartesian bicategories of spans
( Lock, Walters, Woeol 2010 )

Cavtesian double categovies of T | Cartesian double categokies
relotions ( Lambert 2022) | oF spans  (Aleifer; 2018)

Theorem | [Lom 22] Theorem | [Ale 18]

D = Rel(e) (€ :vequlor) D ~3pan(e) (Pt Wli,‘fit\\'ne it )
S Do * ok v & D % kK




