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Tintroduction

Objects Morphisms Relo:l-ionsAin C
in C * in € i R>—= 6 + -
Spuns in C
X — A=xB
1C -V

A~  Double categories Rel (£), Spon(®) |

What is a common genemliza.’rion?.

How con we characterize ﬂnem?



Structure
1. Double categories
2. How should double categories of velations be ?
3. The correspondence between DCRs and SOFSs

—_— Ca.la-cl\.y double ca‘l'e.ﬂ_orfe.s a‘F ve lations
4. Conclusions and Futwe work

This talk s based on

Double categories of relations relative to factorisation
systems, ArXiv 2310. 19428
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Double categories

A double cotegory D consists of the '?o“owina data. -
- objects A,B.C, ...

PN

- vertical orrows 'F?
B

- horizontol ortrows A -—%—> B, ...
A —’la—b Cc

H o« |3 .

B—S',—’D

ce"s

with Compositions of vertical o.wows/ hovizontal arows /cells
such that -~



Examples

Re[ (Set)

objecTs ¢ Sets | vel—ﬁca‘ 0ows - ‘yuncﬁows

horzontal ovrows ° (bihal'y) velations
composition oF horizonte| arrows :
{(o.,c_)lab e€eB aRba bsc}

R S
A—+—B ——C = A t > C
cells © Inthis case, at most one cell can exist For each frame.
A—C VaeA Veec
£l A~ |s &S
B ——D oaRec = f S a(c)

S



Examples

?opah(f) for a 'Yir\'l’rely comPIefe cafegory o

objechs ; objecfs n €, vertical orvows : arvows in €

R
horzontal arrows : spans A —— B
AR BB P
composition oF horizonte| arrows p
RS T
R S v S
——C = A<R S—C
A—+—B r-,_\JBu/,Qs
Ce“s 3 A R C Aﬁkiac
3] o« 3l 4] @aleaq o we
B——D Be—S —D
S S \"g



Some DQ'FINTIOV\S

D : a double category
- the verfical category V(D) s a cofegory consisting of

objects anol vertical asrows in D
— the horizontal bicategory H (D) is a bicategory whose O-cells

ove objects, T-cells ave horizontal artows, and 2-cells are

cells with the wlentity vertical arrows in D,

viD) A H (D)
Fl R A-—Rc——aB
B ATB = Il o« |
?fé 5 A——B




Historical Remarks

Rel Spon

(984 l l Carboni , Kasangian, and Street  defined Licafegokies oF spans
and. bicotegories of relations on reqular categories.

98717 @ Corboni and Walters charncterized bicategories of relations

on regulor- cofegories
(0 ?  Lack, Walters, and Wood. characterized. bicategories of spans.
2018 & AleiSeri characterized” double cegories of spans l bC
2022 @ Lambert characterized double categories ob relations

on kegulw cm‘egorfes



Historical Remarks continued & Motivations

Ke“y de¥ined bicafegovies o relotions velotive +o

stoble proper factorization systems (E, M)
L eg., (Sw),In)) in Set

M - relation ALB H R— AxB eM

Motivation
To chovocterize obouble Ca.‘('eg.obies o relations

relotive to stoble ov-‘l‘lwgoha] Factorization sysfems.

This treatment includes DCs of spans /velations .



Some Def initions

Definition
A stable orthogonal focterization System (SOFS) on o category €
is o pair of classes oF morphisms (E.M) such +hat:

(i) E and M are closed under ComPosf'l'Zon and contain Iso5 .

(i) E and M owre orthogonal : ., 5,
¢ Esl2a] em
(i) Every morPNsm in U is Factored as +—se —o
P .
(iv) E is stable under Pul[back_ E ){\h/\

Tt is proper if M SMono, E S Epi

Rel €M) (T) is the double cattegory whose vertical awvows are osrows

in € aud hovizontal arrows are M -relotions.



ka double cocl'egov-ies ?

A . Tkey have Pofehﬁa.ls oF rich structures anol
enoble us to describe behaviours of relotions e‘H:ecﬁvely.’

Bicategories NI Fibered Cofegories

O have Comp?siﬁons ' X have no compositions
X have no ‘Functions O have * functions ' on the Base
. R
Double Categories A——C
'F\\/ Al J/a \l,

O hove comPos]ﬁons B ’%‘—’D

O have ‘Sunctions’ AxC —> B~D
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Characterisation | heorem
Theorem [ HN ]
For o double cactegory D , the 'Sb“owfng_ are eihfvaleﬂ :

() D =Rel w(8) For some SOFS (EM) o some
'Fir\ifdy Comrlefe Category C.

(&) D is a cortesian equipment , has Beclvckew.lle), pullbacks ,
and odmits an M- comprehension scheme for some M

: oleseribed b
Ret | Doetlecetepris | e
— < e cotegorical

Se oL .- et FmPth.es




Cartesion double categories

Since M-relations A +— B ave defined os M-subo\ojeds o¥

A xB, we assume double categories to be carfesion .

A double category D is carfesian Ff ((-S-‘ it is an eqy_ip,,‘ep\-;-)
— V(D) has Finite products
— H(D) has local Finite products, ie, H(D)(A.B) hos
Finite products Jor any A.B €D

- these Prod.ucfs 'respecf’ hovizontal Composition

Movre Precise[y, it is a cavfesian olaje(:‘f In the 2—cat Dbl Cat .



Functions — Relations 14/32

In Re|(Set), every function F: A—B detines binary
relations called H\Egml:ks oF f .
+x
A B = (] fambh,
e
B——A:={(b.a)|b=5wr],

Remork  the identity horizontal arrow in Rel (Set)
is  defined by the eguality relation =

We have two cells A 3, B A=E=A

spon ||, I s

B—==2B A—+B
e



Fum‘_‘l'ions — Relotions o |5 /32
A ——B
T is the ’a.vges*l' relation among. those R's with 'F\N// ,
B

A
ond. olso the smallest one among those St with A//_ﬂ_\',; :
S
A double cotegory D s called an equipment i'F-P
o A'P there exist two wniversal cells A—E:QB A !
é ’ -F\ //' //{3\'
R R B AgE
C ——D C —ail—> D}c
st log IR ad o and there exist
N7 \'d/ 'F‘EZB — A -




Restrictions /extensions

T R 3*
RIS I e
In an equipment, $or- + 3, I
qudp g SR g L
R is the wuniversal cell,
This is called l—eﬁ:}'cﬂon;i: R lE . If lE . If
nd : t sl a3 [t
ohg ard ¢ 3 _ Aﬁ? C
A cell with such a universal #] {3 $] T e
. 8 =D B3P
properfy is called cartesian.

Example In Rel(Set), A——‘:C—_\

$leat Jo {0 F R 96

B—,'{—>D



Restrictions /extensions [17 /32

a a
A ——C A ——C
Du.a”y, for f4 13 an extension F4 18 is the wniversa
B D B——D
f*ag,

cell For downward Composition Such & cell is called opCortesian .

Example In Rel(Set). A ——c
xample (Set) ¢ Loponrt L6 {(-F(m),ﬁ(c))laQC}

B——D

In Pa\»ﬁculo.v-, A
Yipe
B_P\l,\_/{ {-‘(Q)'g.(a))lo.GA}



Relafions — Functions

R
In Set, o Ye[aﬁon A——B s eXFVessed Ly two Projecﬁoms
from IRI={(ab)| aRb} 1 AL 5B,

These 1wo morpkisms hove the 'Fo“awing_ ProPer'fyi

($6),900)
{ ) % ) } /N \? — IRIA

R A—4—>B N\‘

MOPeOVe.Y‘ A—;&—" B is recoverable ‘)clfom Toe and T,
- IRI .

/m\- s OFcaP'f'e.S‘la.Vl R= {(m,(x),mz(x))\(
A——B



Relo.ﬁohs — Fumcﬁor\s 19 /32

A tobulotor o a hovizontal arrow A—?—) B is an obj'ec.‘l' lR\
|RrI
with 'Q/ T \k So:l":sfying the &oﬂowing_ universal property:
A——B
X ¥ el ¢
-}“/ ot\? — . IR| : | The tobulator is called S‘Tfomg_
A —— B R it T s opcartesian.
© il

R
Plus, a velotion A 2B is o subset R of AxB.
In 9‘“‘3"’]: we expect o relation A—%"B to be o "S‘ul:” of AxB



Relafions — Functions

A class M of morphisms in o category is called a stable Sy Stem if it
contains all isos is closed under composition, and stoble under Pullback,

For a steble SyStem M, an M-relation R: A =3B is o morphism
R—A=B jhn M,

In Rel(Set), 2 IRl . [R]
/1:\ - tabulator = l<1,r7 € Mono.
A8 AxB
|RI
Fo hovizonital R, i ator £ v s call
r oo 2ontal arrow ts tobulato /T\ called

an M- tobulator it CL ¥ EM A R B




M- comprehension scheme

IF D hos M-tobulators For evevy horizental orrow
‘S:or a stoble system M V([D)

.?
H([D)(A B) = M/AXB C V([D)/A"B

A $* 94 B
EREFAR NN
A——B || A—=—B A/ \'B

{f,37 €M
D is said to admit on M*coumkemfon scheme i the adljoitts

Gre eq\ujvajemce_s ;



Beck"Ckeva“ey Fullbacks

[D L\DG Beck'C[\eva”e’ Fu"bc«:ks f‘P V(ID) ‘\AS o.ll Pu"[mcks

5 A
and  every I\ B is focrored as A opet B
“Q\“C/a f\f‘?/ %

Exo.mple Rel (Set) has Beck-Chevalley pullbacks

,/,,E;/{ a.b) | Flay=g(b)} =: P
FNT L



Chorocterisation | heorem

Theorem [ HN ]
For o double cofegory D, the ‘S:b"owl'ng_ are q&f\m[e.n‘l':

(i) D= ReI(EM(t) fo- some SOFS (E.M) on some
'F'mi‘felr ComP,efe Cotegory c .

(D D is a carfesian equipment ,  has Beck-CkeVaJle)« pullbacks ,
and adwits an M- comprehersion scheme For some M.

Remork Anothe- e¢uivaleh* condition is g_fvevx in the paper

Without “the varioble Mr', ol Purel)’ double ca:fegol»ica”y.



SoFS (E.M) M- relations Rel g,y
(Re.g_epi, Mono) in a regular category [ (usual) relotions [[2:1“ (ztl;
( Tso, Mor) in o 'Finifgly complete S $[>ov\(t)

Ca‘fég_o |v-y

(Epi ,Regmho) inQ q_uu:i- topos

S ‘l'r-ong_ relations
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Cowespondence o SOFSs and DCRs

Proyevﬁes of SOFSs are translated to those oF DCRs .

The correspondence of SOFSs and DCRs (TABLET in HN.)

SOFSs DCRs
DCR
SOFS

|eF+~proper  right-proper unitTpure locolly preordleved.

g/P P /Coud\\ local /

Y e it-pure ocally posetal
anhi-right-proper  Proper S Y y po
got-p y

(IS{ Mow.) " regulor SORS | Span(®) Rel (&)
(€ : Sin-complete) (E - vegular )




Co.ud\y equi pments

C is Cauchy ComPlefe (io(empo'renf Cample:re) i+
P
o any a.o(jur\cﬁon of PPO’S:U.P\QTOP-S .D;E’ C From a small cotegory,

there exists a Functor F: D —T with P= C(F’ ")
(c‘? H’P-o's: DC oF ca‘t‘eg_or-(es §uhcfoys and. Pm’f:w\cf‘orrs3

7
In on equipmest D, .gl 2% ) A“ 1B m H(D)
\'_/
*
unit /l counit B —:)A —::I}B ’
cm c
A—LB g/

This l<moL or adjuncﬁons is called Vepkesek\'t'a,[ale.



Co.uc}ty equipments

An equipment D is called Couchy if any adjunction in H(D)
(s kePVeSev\TaLle_ (Payé 21)
Example

Profec : double Categories o5 small Couchy complete categories,

Functors, and P)fo';'uhC'f'Ol'-s

@ How does this condition behave in & DCR ?



What is Cauchy PCR?

If we think o horizontal orirows as binary Fm((ca‘l‘es

i (wit) Ya:A Fb:B  Plab) a@(b.o)
Y (counit) Vb LB, Yar A @b,a) AP(ab)ob=t

—) Va:A LB P(“/b)

Caucky condition behaves as the Khigue choice Pkincfple :
Ya:A 3158 Plab) = 3 £:A—R P-f,



Clossical vesults

Pkoposi‘ﬁov\ [Kelly "ﬂ ]
For a proper SOFs (E,M)
X
a [ef+ a-ogot'n't‘ M-relotion is oF the Torm Ae/ i—‘B
where € € E O Mono.

In Par'ﬁcu[ar, Lor o regu[w- Codf'eg_ovy o , Rel(ﬁ) (s Co.ucky_

PkoPosiﬁou [Cw-bohi,Kasmg'lo.m,SMe-(- ‘84 (in tesms of DC)]
$Pah (t) is Caud\y_




Cauchy wnit-pue DCR

A double Category is called wnit -pure i

A==A A =—=A
a cell of the Torm 'H/ A J,% must be :Fl =+ j}
B==18 BR=—=B

Theorem [HN,]
In o unit-pure DCR Rel (E,M)(C)r o horizonta] ledt adjoint

is oF the Sorm

X
Ae/ \*B where € € E 0 Moo




Cau.chy unit-puve DCR
We howve

Caucky wnit-pure DCRS = DCRs yith Mono S M

becouse o unit-pure DCR is Cauck)f i
E N MOV\Q':ISO = MOho gM

—”'\QV?_ Zs a_‘SD s ”Co\(,\cb\] za’(’{'ok(’ 2_§(AV\CTOIF
Caul)
Quc[VUni-ere DC R et o UnfTPmDCR
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Conclusions Futue Work
e We defined double co:fegoyfes o Exfenoling_ the COWesFomienCes
relotions and. characterized to non-stable OFSs AWFSs etc.

em USin ion Schem . . .
ﬂ\' m usi g~ Coumhehsmn 2 s DeveIOP(v\g 'OglC n o[.ou.lsle Ca.fegomes

which involve some double"ca:regorica.l
double categories
/ \
. Caucky DCRs are those ootmi'f‘l'iv\g_ Licod'egoﬁes

universal properties,

Libered Coi'cgokies
’}Ahfque choice” and corresponal Chy pevdoctrines )
to SOFSs (E,M) with Mon. €M hovizovital existensiol

Compos fion quonti Fier
* O thev ng_ni‘?icanf classes o} SOFSs hovizontal

ConesPouoL to those u-f DCRs io(evcﬁfy — e‘i“‘llif)’




Thank you.'.

L\hasu@ kurims. |<yo-to~u‘ ac‘)'P
Hayo:to NQS(A

References are
[Alel8], [CKS84], [Kel9l], [KI1e70],
[Lam22], [LWW1O0], [Pardl], [Shu08],
ond others in the reference list of
ArXiv 2310. 19428 .




