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he gmio(iv\g cLuesTion :

What makes a double cateqgory oF relotions !

@ Rel, Rel(), $pan, @ Prok Pay

Re\ (E,M)(C) ' Q"[‘Rel S o

My answer : the Frobenjus axiom

1 : Backgkobmd

2 The Frobenius axiom

3. Bonus Maps revisited
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B'lco:l'egor'nes of relations

03/ 19

A||egory
[eryol , Scedvov . €7O:|

Formulation in terms of involution

(- :B(1I,7) — B(3,1)

Cortesian bicategory

 Todd, nlLab post.

Formulation using adjoints (=

" Carboni, Walters 817, Carbon ,et.al. 07

man)

'J

In bico:tegov'l es.

T heorem
Bis a ‘funcﬁonally-
B is a unital B = Rel (&) comPIeTe discrete
& &
tabulay- 0»”930")' Lor a Vegulouf category C locally“pose‘ral
Cayrtesion bica‘l‘egoky.




Bica‘regor'les oF relations, genemlized 04 /117

Definition. p:¢ =B : Fibration. B hos Finite products . I,J € R

| A P—ke'a.‘l'foh I+J is on o\::jeCT R € EIxJ, the Fiber

e . p  N—— over IxJ
Pkoposrl‘lov\. [P&.v\onc 9% LoLwle\r IS]

Rp - Q Bica:l'egotfy of

P - relations .

P : EB a Vegulw 'Fl'k\nx‘foh A

Existence of o (partial) right adjoint is stated without prooy-

Theovem_ [Bomch],Sav\’raVnaria,Seeber, Sobocinski 217

(elew\ev\mry exis‘re\n’rial) ((biccﬁegov}es of )
doctrines relotions’ in [CW8T]

R-
L
«—




Double categories

Definition .
A (Pseuol& double category

consists oF

°objed‘S A,B ..
-Tigh‘r Or-owsS /iiglm
B

: |OOS€ orirows

. cells A ——B
£] o ]9, ..

C—1—D
21

A—+—B ...

0S5 /17
with compositions ot Ajc
tight arrows L

J / R
loose arrows l3
b m -
A—+— K—X -
and cells A——K
? m fl o s
A—+—K —+— X R——L
fl o s v [u 9] < [t
B—L = C——>M

subject to some coherence conditions.



Double categories 06 /117

Exam p e Rel $pan Prof
Objects Sets Sets Categories
Tigln’l’ arrows Functions Functions Functors
Loose Orrows relations spans on‘?umdors
Il exi ' o
Cells A ——B Acg(f’f)“ T A B AXB ¢
sl e o (Yab) £l @ |k |¥ FRal Ut 7 Set
C : D || (£, 3(b)) C<—I|q]—D D9
Remark e.g. the comPos'l'l'iom o’F SPQV\S
The loose ComPosiTiom iS keqyiveo( Z”’f;‘“\,

to be associative only up to isomorphism A,_/ S g S

[P] %

C



MO'I‘ivaTing oouble categories 07 /17
Rel

Reaular coteqories ) . .
8‘ : d , ¢ BlCQ‘!'egoHes
Fibrations MQP
where Functions |ive\ / where relations live

Double cateqories

whevre both functions and relations con live!

@ Coh express the intevaction b/w ‘Fuy\c:l’ions & relations
with companions & conjoints,
] '?uY\C'l"loma.,

@ can diS'thuiSh Junctions From maps (':: . )
relations



MO‘I'iVO.TiY\g O(OULMQ co:regovies 08 /17
@ Cortesion double CCd‘EkaiQS are eosier to l’\alnoUe,

Definition. D " double Ca.Tegory

4

D is cartesian i¥ D21 & D>DxD in Dbl

L—'l'l d X

P koposi‘l'ion. [ Patterson 24, N.]

D : cartesian equipment => L (D) : & carfesian bicategory

Qemc«.v-k Mog‘l' o')\' |<V\OWV\ excde[eS 0{' Ca.VTeSiah bicoieg(ories

orise in this way .

For a cartesion bicategory B, theve is a

cartesian double bicategory whose |oose part is B. [Verity22]



1. Backgkobmd
2 The Frobenius axiom

3. Bonus : Maps revisited



The Frobenius axiom 0% /1]

Definition 2.1. (i) An object X in a Cartesian bicategory is discrete when the
multiplication A% and the comultiplication 4y satisfy

(D) A-A*=(4*R1)- (1R 4).

(We are forgetting the associativity in the middle.)
(il) A Cartesian bicategory is called a ‘bicategory of relations’ if every object is

discrete. [ Carboni y Woalters , '8 'ﬂ

This condition was |later vePhraseol as the Frobenius axiom, because this is

equivalent to the condition For Frobenius alg.el;ya, [V\lal-revs,Wooo( 08]

oo - %



The Frobenius axiom
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Definition. [ Walters, Wood 08, Lambert 23, Hoshino, N.IZS-, N.]

D : cartesian equipment

/

A I A
/ope N\ /\,
IeD is Frobenius if I*xI—4 I = <="|&
axid N iden W
[xI<T \

P—

:xa,mple. Ci Q Iregula\r ca:('egory = Hlel (C) IS
For A €€ and (%,9): AxA  (2.w): AxA,

1]

.Y
IxI =1 —+> IxI
1 Sl Il
I=] =IxIxL+TI=I
(Axd)y  Cid=ay*
canonica.”y.

D is Frobenius it every objecT in D is Frobenius.

Frobenius

w A (('x,ms(u,u) A (ww) =(2,w)) & (x,x,y) = (2. W, w)

\

/




xample  In Prof, € is Frobenius & T is aglfou[)o'td. RV

Proot sketch [Walters. Wood 08) IeD is Frobenius if 4%« = (8xid)x(id=aY
ee€
(A*A*) ((.CI,C:.) , (Oludz)) = S ﬁ(cu,e) xt(c;,e) X E(e,d.) X E(e,dz)
d

(@xicl)e (txay*) ((er.ca), (dda)) = ©(e, d,) *Cler,da) x Blca.da)

G ol | cC, —d,
S 7 - \
_CZ/ \'\0(:._

Cl—")d:.
(=) Toake ¥F:a—b in € Eieia o
3 a’ ’C}Q a==a the inverse of +.

o — NGF

bf:_ ‘Eb b—1§ (&) ASW\&” PMZZIE{



The Frobenius axiom induces invelution |2 /17

Slogan ' The Frobenius oxiom IS an oxiom of syw\me‘fry.

PVOPDSiTion. [ Hoshine, N. /29 N.]

D: a Fl’obenius carfesian equipmemﬂ

EV@V)' A and .I,f in D are SQ"F‘o(ual In ‘H‘\Q |OOSe o“Vec:h'ov\‘-

Dy (CxA.B) = Dy(C.AxB), Dcl(hxF,g8) =Dc(h.Fx3)

"he unit and counit on A are

Cor. (D) is a compact closed bicategory in the sense of [51‘&7 6] ,



From equipments to Fibrations 13 /17
Definition. ID: cartesian equipment -~

a category Up : objects : A - , A ST
. A X FLor |
morphisms (A1) — (B+1) B — 1
B
o Tibration Up : Up — Do ; (Af';'\) — A

Wheh |D 1S Fkobehius, O“ ih‘Foyma‘rion in D iS recoverable ’Fl«-om Up .

2 X
C +—A CxA—— | e
£l T 3 Pl T e X8 i Up
D —(Is—> B DxB —ﬁ',—"l
Proposition. [N.] D - Frobenius =

‘ H[D IU[D — Do IS an QIQW\QW"'QVY QXiSTQV\ﬁQ| 'FibVa.ﬁOV\.



El emewl'avy eXiS'fewl'ial
+ibrations

Bi
Theorem. [N]

Main results
Povlovic's Eica‘regovies of PVedica‘reS are extended to double CaTegokies.

Bl

Cartesion equipment

14 /17

Lowler 15, V]

(p): the double category of p-relations

This extends to o loiequ'lvalemce :

Bil

D =~ Bil (;) Tor some P fF it is Frobenius.

Example. FPro‘Fg,,PO( ~ B (GvPo(Ac’r — GVPoQ

D :an e.e fibration ~5 Bil(p) : a Frobenius carfesian equipment.

eeFib % Cart€qr,
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Revisi'l'ihg maps 15 /17

Definition. A map in o bicod‘egpky is o left adjoint 1-cell in it.

Rel Unitol +abulor allegories /
Regulcxv ca“regovies —— Futhionally comPle'te. Eica:regokies
Map of relations
Rel L L () N
Coly-"‘esiay\ eq‘uipw\ey\‘fs (—----)- CQVTQSEQ.V\ biCCﬁTea_OV'ies
| Map

Definition. A loico.‘l'egoky B is mop discrete if MQP[B)(I,J).C_: B(1.J)

1S equivalent o discrete cotegories .

This is sufficient to construct a double Category MaP(B),



Revisiting Map 16 /17

DeTinition [Pare 21]  An equipment D is Cauchy if every map

(S isomoVPk'uc. To ‘F* For some ‘F’A’%B.

. =) .
Unit - \> MOLF O(ISCI’ETQ ‘};{‘_i 7 ? MO.P O(ISCVQTQ
\)MV’B g Cauchy carT. eq_uiPMQV\TS (MO‘P(-) carT. bic_a‘[‘eaoyieg
Propos'rﬁoln. [N Cou - Capt EQ vb

|

CQV" ECL COLM C——é CQV‘[’EQ‘

Corollary [Bonchietal. 21, N] ;‘Pm’l"vm'%]
Cou

locpos locpos

czFib — CQVTQQF b, DK T CO‘VTECL Cou ,Frob MO 2 CQVTBi;mlo,%




E lemew('&ry
exiStential
tibrotions

Bi

1

Summaory

Ref (), @-Rel,
Relig,my(2)

—obentus

Caytesion equl pments

Futuwre Work

Tz

ﬂ/lap("S

* Generalizing to monoidal equipments.

NEAN

Cartesian

bicod'ea_ovies

. S’l‘udy}hg cod'e,govicd logic with carfesian equipmewts

( quotient completion, tabulators )
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Charocterization Results A1 /A3

Theorem. [ Lambert 23, Hoshino.N. "25]
D =~ Rel (&) For some regular category

R { D \ocal\y Pose‘ral discrete cartesian equipment

with Mono-comprehension scheme
Theorem . [Hoshing.N. "25 . my ’H\esis]
D 2~ FRel(E'M)(C) for some SOFS (E M)

J D : caytesion equipment with BC Pullbaaks & effective
& +obulators

L and Fib(D) is closed under comPoSiTiom_




Bica'i'egovies of relotions A2 1TAS

984 ¢ “ Bicategories of spans and relotions ™ Carboni, Kasangion ,
defined Span(&) & Rel(®) Street.

(987 ¢ " Cortesian bicategories I ’ Carboni, Walters,

1990 ¢ “ Cotegories, Allegories  Freyd, Scedrov.

19961 © Maps I+ Chasing diagrams in cecteqorical proot theory " Pavlovic

defined loica:fego\ries of predicates For- regular fibiations

202] ¢ ' On Doctrines anol Cortesion Bicategories” Bonchi et.al.




Double categor-ies of relotions and spans A3/A3

Qrandis, Pavé.

ls
¢

999 1 “Liw\i‘l's in double CaTegLoVieS
2002 + °© Spuv\, cospan ondl other double categories “ Niefield

2019 + “Costesian Double cod'e,gories with an Emphasis on
C ha\rac‘l'elf'lz'w\g SPoms “Aleiferi  Choracterized Spam(ﬁ)

2023 T ”Double ca’tegovies o‘f relations Lambeyt

Chavacterized Rel(2) Tor Veau‘ak ccu‘egovies C

(| . ] '
0026  Double ca’tegovies o‘Jc relotions relative to Yactorization

4)

Vv  Systems  Hoshino, M. chavacterized Hie\{E‘M)(t).



