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Taking semantics in $ibrations
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Vivfual o(oul)le Cod‘eaolries o‘? \re|o.‘l'i0h8

The double category Rel :
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VikTuo.| o(oulale ca’l'eaovies of relations

Example |( A DC is o VDC)
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Comparing Fibrations and VDCs 15 /20
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existential +ibrations
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Compa\ring 'Fibmﬁons and VDCs

| Bil
A = 3 elementary —
existential -Fubmﬂons
A.= elemenfayy 'FiLkaﬁohs
N\ carfesian Tibrotions B‘la
|

PkoP

When a s { elemenfary
elemenTo.ry existential

Move Pvecisely, we have 2-Functovs
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Cartesian equipments

cartesian
Virtual equipments

cayrtesian gibmﬁonal VDC

a cartesian Virtual equipment.

}, Bil (/) iS{ . .
& Corfesian equipment.

EEF(L — Cart Eq_

l

EleFub — CaHVEcL
Can‘Flb - Cow'r FVvDC




Comparing Tibrations and VDCs 17 /20
Bil

A = 3 e|emen+ary —> | Cartesian equipments
existential Tibrations | —

cortesian
A, = e lementary Fibrotions Virtual equipments

A Carfesian 'Filpka:rions — | Cartesian gibmﬁonal VDC

Bl

Thm| For a cortesian Tibration P,

P is elementary existential & Bil (R) is a cartesian equipment

EEFEB — CO.H'EQZ The essential imo.ge
| - | of this is

. ' chavacterized by
CartFib B_)nl Cart FVDC Frobenius axiom.
Prop| Bil : EEFi), — CartEq. is locally an equivalence. (WG‘WVS'WWJ "’3)

Moreover, we have o l*ru.lll:a.ck

Masu 25 2.3.2



COW\Pa\rihg ’Fibm‘rions anol VDCs

Example
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|
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v }\ 3
I 7 ul (M P)'s
P J

The 'FMY\CTiOV\ COW\PVehehS.IVE COW\PIGﬁOV\
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is achieved as Yollows

EEFb = EEFi
il l Cau T
CatEq = Cartg, hy

b 'Funccomp
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Conclusion
+ introduced cartesian Fibrafional
virtual double categories as a re laion-
oriented fFramework for predicate logic.
- presented the Bil-construction which
Pkoduces a cartesion Fibrational VDC
From a cartesian Fibration.

Bil .
EiFib_l—% CavIEq,
CarTFibe; Cart FVDC

i
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° Recoveving o. chavacterization theorem
in ( Hoshino, Nasu . 23) .

Others in my thesis

. COHVIeC'I'ioh To bico:fegokies.
. Se ij-duah‘ry on Frobenius equipmenfs,
(. An internal |ogic of fibrotional VDCS)

Futuwe Work

* O(QVQ‘OP TL\QOHQS O'y' exact COVYIP‘Q'HOY\

ond other kinds of comP'e’rion in terms ot

virtual double cm‘egovies.
e 7



RGFEY‘GHCG

G.S.H. Crutwell & M. A.Shulman. A unified framework for generahzeo( Mulﬁcafegovies.
TAC.24: No.21, 20]|0

A Cavboni & R.F.C.Walteys Caytesian loica’fegoﬁes I. JPAA,49(1-2):11-32, 1987

P.J. Freyd & A.Scedrov. Ca'regovies,allegovies volume 3% oF North-Holland Mathematical
Library, 1990

K. Hoshino & H.Nasu . Double categories of velations relative to Factorisation system. (ACS, 2025 )
B. Jacobs, Categorical logic and type theory. volume 141 of SLFM, [999.

FW.
F.W.

_awvere, Adjointness in Foundations. Dialectica 23(3/4):281-2%, 1269

_awvere . Eclualify in hypero{ocfkines and comprehension schema. as an ao()'o'm‘r functor.

PSPM,1M:1-14. 1970
F. Loawler. Fibrations of Predicates and Bica‘l'e,gories o Relations . Phd ‘I'hesis._rkinify Co||ege 20|%

M.Shulman. Framed bica‘l’egokies and. monoidal Fibrotions. TAC . 20, No.18 , 2008



Stable Orthogonal

Factorization Systems Specific Classes € ? General Classes
a m [ (RegEpi, Mono) l\
O M on o regular eategory B
( 4

Orthogonal
Factorization System Factorization System
(Isa, All)
on a lex category ¢ |
T [fll.ln:s] (Def2.4.2,Thm 2.5 .)] \
[HJ03) *
Fibrations ot ===
him 2.5.5 aal
. 1 [HN23)
my nomepage -

Elementary
Subobject Fibration Fibration
Pred(B) -+ B /

- \ Regular Elementary

) | Flbration Existentia Fibration
* ‘odomaln Fibration o
hayaTonasu, gl‘rhub. 10 G ’

C™ = C

Cor 2.3.24 Existential

Cor 2.3.38 Fibration
Prop2.3.7 o
I l 'hm2.3.14 el ll.h_- .ll m
Cor 2,.3.37 rop 2.4
Fibrational Virtual Double Categories ——
" | . Cartesian
m eS l S : J’ 1 Virtual Equipment
y [l double Category nlL ot

/ R -
Relations Rel(B) Cartesian Equipment Cartesian

: Clartesian
— with BC pullbacks / Equipment Prop 2.3.10 Fibrational VDO
aYXiv :2501.17869

‘ \" /
Cauchy
(l)unl-lu Category ul}____—-—— Cartesian Equipment

Cartesian PL-composable
Spans Span(C) = Fibrational VDO

Bicategories

Bicategory of
Spans Span(C)

him2.4.8

{ Equipment l

w

Frobeni - te Carteshs : :
Bicategory of robenius ll:np discrete artesian Relational Doctrine
Relations Rel(8) locally posetal Carteslan Bl .u‘.-..-,c-n- e . |l)l""8 DP24a
0 . Cartesian Bleategory Bicategory [CWET, CKWWOT ey i
(Fs90] |

Unitary Tabular Unitary Pretabular Allegory
x\“t-gul Yy Alle gory

[FS90, Joh02a]




