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Introduction
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The central question is:
o ’
How can we khow if a cocone is a colimit of some dia.gya.m?
({4 o
('li'tam,Vicavy. The ‘Hr\emry and. o.PPIica'ﬁons of anﬁcalim'l'l‘s (2024-)>
So many exa.mF|es ore out 'H\eve.‘

Foy ca:fegov'les, 2-cotegories, oddlitive categories , ...

Gool : A concep‘l‘wxl undzvsfo.ndina of anticolimits
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Owgma\ work .
« Tatoyu and Vicowy introduced anticolimits in the s‘ru.o{y of l'\omm‘opy.io .

I:%:A_!_I is a colimt o E?%
Ma.x:f

o An anticolimit of % y /
J : poset, i = <X
cEer o e AL I,
wheve \ —_
A: vno.xj - t ’ * A:. *a
x: A= A
~ ~ A2 A° ¥o
is anextension A: J—C of A "*} 3\,2 r\.)c
such that % induces Ay \;"‘ /k‘ l
a colimit cocone of A . A, : e
Co|lm|-l-‘l



A recipe for anticolimits

J:poset, X: mxJT —>C, cet, x:X = A

Def Ty(x): J — & is defined (iF possible) as follows :
* €T is mapped to o multiple PullLack o (Xiic)izj :

127 W T s mapped. to the canonical arvow in €.

¥ - e - Ko %o

Z 2~ d /)foxcx‘\x \
. — Xoxx‘xxx 'F’C
\_,l € < X:. /K:.

Theorem [TV24] I -|TI('K) exists and X has an osnticolimit,
then TTJ-(K) is on anticdimit of k.

When € has ev\oualr\ limits, whether % has an anticolimit
can be checked just by looking at Ty (x) .



Further Exomples
@ Rea_ulu.v— ePi

Def f:A—B ina category e

is a regu.lo.v epimorphism if

k
=L

hg If & has pullbocks,
Fisa Vegu.lo.s- ePimokaism
i¥F itis a Coegunliz&k o

its kernel pair. Ast_,l’A
on efective E"J' ny
epimv?kism A T’B

it is a coequalizer of some arows.

5
@ Subcanouicity of sites

Def A site (€, T)is subcavonica.|

if every vepresentoble Presheof
is a sheof wrt. T,

P_koE TFAE when ¢: Comple'la.
(i) (B.T) is subcansnical .
Gi) For any T-covel-ing (AL ﬁ’c);,.
C is a colimit of
{xi} &y t/c dog c
Gii) For any T-covering (A ﬁ’c);.,
C is a colimit of ( Aug Ay )
7 N
AL A; .




Further Exomples
@ Normal epi in Ab-cats

D_eif f:A—B inan Ab-cat. €

is @ normal epimorphism if

it is a cokerhel of some arrow.
S 1
Pﬁp In a ‘Fihi‘l’ely comple'lt Ab-cat,
ah arrow is a hormal epimorphism
i} it is a cokernel of its kernel.

@ Localization in 2-cafegories
M An 1-cell is o localization if

|i1- is a. coinverfer of come 2-cell.

6
m& A functer F: 2D is

o. localization if§
P ciw" { }
€ Ja [o wih W={g|Ffis
> D '

@ ESYective tobulator in double cats
(Stvong) # Cells <1 Sor

Pﬁ[ Ina ;Ia:l' double cat D each Frome

with fobulators, 3

A—HB is presented os vAPc\B
i i hos an effective Mulo.-fw




STrucTLLVe
1. Elements of anticolimit.
2. Formal category ‘Haeovy vie. (virtual) oouble categories.

3. Formal theory of anticolimits : general theory
4. Formal theory of anticolimits : application



Lnter lude : Formol Category Tkeo;«y .

Formal Cotegory Theory = Category Theory of Category Theovies

From an obstract viewpoint - S-intevhal category theovy
- S-Fibred category theory

It studies how ohe can cleveloP cofegory theory inside M

by imogning it as the 1‘)?% of categories. (Virtual) double cats
Mothematical Phenomena Co:ieg_oriml Treotment of - Co:l'egovies
Cotegorical Phewsmena Formol theory of - VDCs (ov- other )

T et

Gool : A formal theory of anticolimits.

=
Conceptual treatment / i V-enriched BAEE theory



Profunctors and Virtual equipments

Def A FVo‘FuHCTov P: IT+H7 is o functor P:xPxJ — Set
/\ Contravariant on its domain .

h& The ‘Y'e“owing_ comsPomol bijectively.
() Prefunctes P: LT
i) Paivs of embeddings T <is P 357

st. b T obY S22 obP and E(ila).itr)=f (Yel.c)

Ex « For a cotegovy & , we have the hom-Eygf'unctoy- El-e):EpYE
* For two sets T.J seeu as discrete categories,

a profunctor I -5 J is a bipartite graph (or span).
I J




Pkojl:uhC‘I'oYS and Virtual equipmenTS(Coh+imueA) 9

A notural trans. F<=>G is o natural fomily (ode € D(Fe, Ge))cep

Naturality only involves the structure
fgeheko.hzt of the hom- PVD:FMP\CTOP D(-,e)

e
A natwal trons. f/o(\f’ is o natural fomily (o(cGP(FC.Gc))CEL__
D —-P

P ey (deeiEle.c) 5 P(Fe.GC)) -
e+t
«» F| « |q
E 9enemlizg b =D
Qu
t"‘"t R R X o
A notuval trans. Fl o J«kﬁ is o noctwe) 'fo.mily

D—+—y

(Qo (Co. C) x e x Qh(cn-l, cn) i) P(FC., GCn))

Co,.., Cu



Prefunctors and Virtual equiPMGHTS(Cohﬁmueol)

(¥ Qu 10
to—‘—)t,"') A ty\
A notuval trans. £ { « ls is o notwes| Family
D——a——p

(Qolce, ) == Qu(cns, e) 25 P(Fer, ),

PR

These natural traustormations can be mmPosed. like l o =.|..' o | "‘,",l

ond constitute a virtual double category PROF | 1 a ‘1
Def A virtual double category X censists of .
} ) iF
» 0 category Xt of objects and tight arvows. .

. o.'gami,y of classes of loose asrows (X(l,x’)) coex EENN

o a :Fa.mi[y oF closses of cells For- each frame . Py . Ps,

¥ o 9.
« Data of Comloosiﬁoh and idewtrties . ‘!T‘l‘




Profunctors and Virtual equipmenfs(coh’r'mueoﬂ

Def A vestviction of
- ?lf:9)

I J I—J
] le isace"flm,,lg
L7 L7
with the followihg_ universal property:
K- L K- bl
k] v v K] 3T |k
I & J=1I Y7 Iy J
31 la 5l TP 1s
I _PHJ' I —PHJ' .

M A (loose) unit on I is

a loose avrow Ur:T -1

11
with the ‘Followihg_ universal property:
Kt w140 Iy 0T 45 Ly = b Ly
£l V o ls

N ?' > M

]
Kn= -+ KiIpL »-bly,

el s pNia\ N

Kn® - KBIHIP Ll
£l al X 2
N ; > M

Def A virtual eianmehf is
a virtual double categories with
vestrictions and units on every object.

'l'og_e'l'l\ev- with o cell I/i\l



Colimits via Pro’funcw‘ovs 12
Natural transformations of the form

S S S O NP
Floa W= F\,‘*\/H wd NOB e =f| P L6
=)

will P|a.y a keY y-ole,

'They repvesewr “aﬂ‘ml ‘Fmi‘ies 0‘? ‘Fuhc'l'fons
(i P(L3) — E(Fi, H)),

( pi,;‘,lk P(i.3) x Q3. k) — C(Fy, Gk))

L)k
_F_Eka-m le . P . Q T"\Eo(a. ojaov ow +
(.)ﬁ(.)m(.) to. -Feo.m nts to
(F F \ d‘/ Fl\3’_>e‘ . t
Ue 1) th
c ° Fx%



Structure
1. Elements of onticolimit,
2. Fowmal category ‘I'Leovy vie. (virtual) couble categories.
3. Formal theory of anticolimits ' general theory
4. Formal theory of anticolimits : application



Anticolimits via Pm?w«doysi baloances

We +take the exo.mP,e ey regular epimorphisms as o. model case ,

$
and will solve the inverse problem of X =3 A

Def [Street. 30)
A gamut is a cell o5 the Form
y Do E
\;/
Di? A bolance on & comsists of

a gomut M and

I
l A (‘Fulcvum)

13
colimit A i>z
L Fixed data &

Ex 2 oy
Moo= (-)i({‘);—;(-)

]
& MX’”."W'
\y‘li

Ex A Fulcrum for Meoeq s
on oi:je.cl- Aeer.



Anticolimits via P\m’PwAcToyst oliagmms

Jﬂ(’i\t’k
L

P

D_e? (M. A) : balance
A left diagram is
o pair (x.%).
A rigt diagram is I
o pair (Z.3) C

yHoy

N3, A

—|—>’)<

e

14

E_X For (/At:oeq, A)

Le$+ Pan."e| arrows
( diag_mms) X '—’A inte A

(Rigk’r _ Amws
diaavums‘ Tl ASZ frem A

The left/right diagrams constitute cotegories LD (#.A) and RD (4 A),

(x,3) — (X, %)
in LD (&.A)

X CT) " st 7 MS”I 3
o)X st. =
i x(«\C/A A’t./A

M
T —+—T



Anticolimits via PV‘D'F(AMCTOVS: bicones

D_E‘F A bicone of (MA) IS a 'l"HP[e oF

15

, . _ K is o bicone
o IP:FT otufgvm 5=(x.3) over 3 and &
* a right diagram §=(Z,5), and
* acell & such thet 3-":\,11\£ _ '/4\,7}\,"'\)
N c/z x\Jg./z

E_X For (zucaeq_ 0 A\ ,
AT Ry e

EN

7
e - e T if it exists.

! o is cm'lqyg
1

--de
-4
— =

Jo

&
N¢---+e



B?cone'p\«of:uncfov-/Genevd results on Pro‘FuhCTOVS (1)
Prop  Bicone : LD (1., A) Px RD(m AY> Set is a functor,
(x3) . @3) > {bimes e (5 9|

which gives a pn?uhcm Bicone : LD (m, A)— RD (m, A).

Lem ( Two-sided Grothendieck construction )
For o profuncter T: A B, the category T defined by
sobjects : (a €A, beB, teT(a,b))

®ako a.b.t) a b L Fat'=¢s»
arrows (| L 3(‘?l,18~)rt-f t*3
(a6, t) ‘& ¥
induces the two-sided discrete fibration AI;/ \R

B

16

For BiCone, we write Bico(#.A) for this cotegory T.  Bico(M.A)

Notation - &Y : the fiber of T-5A of o €A. / \
RD(4,A)

*To : the fiber oF ‘TﬁaB ot b€B. LD(x, Ay



Anticolimits via on%mcrovs: limit /colimit bicone
17

Def A colimit bicone of 3 €LD (m,A)
is an initial objects in 3 Bico(#,A),

A limit bicone of ¥ € RD(~.A)
is a terminal objects in Bicp(l*,A‘g .

Ex The case of (Mcoeq, A).
i A
*For %:: (X —T—; A), gBiCO g{ ,!,(k

X—>A——>Y } 5 pe
Ce‘Fol—k

A colimit bicone is a coequalizer diagrom .

»,Wa
For ;::(ALZ), BiCOs?—_‘.{A{ \A

w:,"A —>z} S 5 Span(®),
co‘y'ovrk '

A limit bicone is o kernel pair diegram.



General results on Pro'FutholfS (2)

T 18
Lem For o two-sided discrete Fibrotion ;/ \;

(i) L hos o lef+ o.d:joim‘ itf oT has an intial for all a€ A.

(i) R has o right adjoint ¥ Tv has o terminal for all b &R,
The values of these adjoints are 3iven by the wittals/terminals .

The resulting odjoints are fully-Faithful .

Assumiug_ the existence of limit/colimit bicones, we obtain

Colim R
LD (M,A)f%) Bico (m.A) ‘LZ’) RD(m.AY,
im

Ex For (Mcoeq, A), this adjunction is : S coeq.. A
A Pah(t)A — / [
rpai-.
Remark  Most of the results can be olave|ofed without assuining (ce) limits ;
we could use velative adjoints on both sides.



General results on Pro'FuhCToVS (3)

19

Colim

LD (M,A)ft: Bico (4.A) =2 RD(m,A),

R

Lim

Remark Ialempo‘fency of mdjunc’ﬁons are described in various ways.
3

AZEB is dempotent < F% :iso & Fix(F&) = Im(F) < B
q

= .-

={b | & iso}

Prop I§ T:A B is o propositional profunctor and induces

m

= #Tla,b) €1,

R
the odjunction A ;L—) T Z B, then this is idempotent.

Ex If +the gamut M is epimorphic w.rt, vertical composition,

Bicone s propositional

Mcoeq. is of this kind .

/\2/‘4\3 /'a,«\ —
\L\I-"o< 'l:: \L\g/’l = 0("'(3.
—



Main result : anticolimit and efFectiveness .

Thm Let (#,A) be o bal . Colim R
T € & belance LD (#,A) &= Bico (#,A) 22 RD(m.A).
If Bicone of this is propositional, E Lim

then the -’:o“owimg are equivalent for S €RD(M,A)Y:
() ; = RoColim(3) For some 5 € LD(M,A)

“=> & has an owvticolimtt . E_X Foi- (/"coeq_, A),
(i)) § o ReColimeLeLim(3) (cancnically) iy e : reg_ulor epi
B iz the colimit of the limit of itself, (ii) e: coeq . of
its kernel pair

Cor The a.aLjuhcﬁoh veduces +to an eqy.ivalencg :

| e ek

an antilimet
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CO.PT(AVed ExamPIes (1)

Z : 20
@ Set -enriched case s 'r’/%j't\-,\'. The. vesulting odlj. is
(i) 142 R S
/APBPQ :z_l /‘2@.\1 J A PM(C)A’
7 X/)A\ c p.b,Ti—lp.o.
\AIQ/ Z ACosPah(t)Al
(ii) S set M .S Lss
M 1 S S
Mak.s 1= S*S 1“\?1 wheve M only has («s.s')”a (%.57)
’ L rea s’

( Ts: As ‘—’Z) seS has an anticolimit
OF - X o As
itf it is a colimit of Asx Ag >

2 ~ As /] ss°
[
@ & enriched Ac1ase The resu.l'ﬁng. ao[juncﬁoh is
z 2 i
Mg i= A 3OS . Coker Similoy For

—_—
A —+— M C/A <K:— Ae.  (Sety A)-cats.
Vv



CQPTuYed ExamPIeS (2)
@ Cot - enviched case

(i) $ " Coimut ",
s U b=

21

I Lim(3) bs-)
NGC> 153, — I
, AT,z z
(i) (A Noh'onPosiﬁoml) g
é.‘x S (‘K) Cos n(K)
RS AP

@ Dou.He categories ( propesitional if D: H"“’) A B
- /\ (S0, = {3 0]

0 e —— o



Future o.FPIicofr}on
(IB Fomal 'I'l\eory o‘F ‘lomology ?
For o gamut of the form

T .
z \’“.-l\’ T (vﬁfﬂmc)

we con olefme. choin complex as
mp

s TS T T BT o

W YA
‘:K} t‘/‘%"

st. the comPosifzs of two aﬂéa.ceh‘f Ps
'Fw:fov ‘I'kv-ou.gk M.

Ex 2 al 1\'\)

— \il'_/'»A‘l i

le«o(s +o o Usual one 5

22
(i) Formal theory oF reg_ujo.ri'ry?

Bourke and Garner developed
theory of 2-dimensional Vegulayi‘fy

based on kernel-qustient systems.

Def [BG14] A kewel- -quotient cystem
is an £F e»beddlhg_ I 8 2 — F
(o—~ 1)

Let K:= F\{J’l}
With this, 'l'key Coo\sfmct an adjunction

[x. t] [2.2)

We can recover -Hus by toking M as

F(",JO))Z l\‘I\ ....... (Io—;)")*

A\ —— 1
Fl-.31)



Future o.FPIico:Hon
(i) Fomo.l 'l'heory o": l\omolos_y ?

For o gamut of the Form

/,M/) } \“'1\ VeVﬁCo."y

X \P,__,,, T (eP'lmol-Pl\ic)

we con define chain complex as

e TAST T T -

e e \fo/c B
cw Z‘_'/'%"

st. the CDmFosifes of two adjacent Ps

‘Facfov 'ﬁ\rougl\ M.

2. .M. 2
= m@m
o]

in Ab-Prof

leo.o{s +o a. usual one o

22
(ii) Formal theory of reaujarify?

Bourke and Garner developed
'I'heovy of 2-dimensional Vegulm-ify
based on kernel-quotient systems.

Def [BaI4) A kewnel - quotient system

is an £f e_mbeddina J: % —F
(o—=1)

Let X:=F\{m} & F

With this, 'l"\ey construct an adjunction

quot
[x.e] = [2.2)
kew

We can recover this by taking M as
F(‘,J'o)/\21 \I&) ....... (To=71),

FA\LJ ——1
Fl-.11)



Final slide

Summary
* Anticolimit is the inverse ProLlem oF colimits.

23

Solutions ave occo.siona“y given "eF'Fec'l'ivelzlt
o We Pv-ovideol a 3_e.ne|ro.l -H\eovy of anticolimits in virtual equipments,

* We constiructed the (possiLIy relative) adjoiwf of |imit and colimit

from o dote of diag_mm s‘kqpe (= 3Amu'r)

Cohm
LD (~, A)<— Bico (m.A) =225 ‘L—’ RD(x, A),
Im
Whot T cowldn™t include What I want o look into
* Pointwiseness of limi‘fs/ Colimits 0 Pngervaﬁou/ Reflection / S-to.Lili‘ty
* The cases of relative adjoints * The two applications

in the PreViou.s slide .



fTvad)
(BG14]

[s+80]

[nlab +]

Callin Tataru and Jamie Vicery. The theory and a.PPlicad-iohs

of anticolimits . 2024. Frefvivrt on ovXiv,

John Bourke and Richard Garner, Twodimensional regulavity
and exacthess. 2[4 Journal of Pure and APP[ieo( Alg_ebva .
Ross Street. Fibiutions in bicategories . 1980, Cahier dle Topologie

et Géométrie Disterentielle.

nlsb page. . Generalized kernels



TL\QV\k >Iou l

hnasu@ kurims. kyo-to—u. ac.jp
haymonasu_ github. io

Please let me know if you hit upon any example of anticolimit !

o, % A

Colim,

R
LD (x,A) (_‘t’ Bico (.A) =2 RD(x,A),
Im




