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Yuto Kawase and Hayato Nasu,
“On the decomposition of a strong epimorphism into regular
epimorphisms,” arXiv:2604.05744.
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Algebraic theory 61720

._::X&W\P\e The ‘l'l'\eoky o‘g" lmcno]als _"_"“'\d

F *x
Xk, Yrx F mM(x,y):x , | e: *
x % F m(e,x)Y= x: % , ...

Exomple he Hr\eovy of Po.'ws of a ring ond its module TTmdl

FRng, F Md
X:Rng, Y: R"‘a = SumR(x,v) : Rv\g .

X:Rng, 2 :Md Foact(x,2):Md -

(R'm% aioms ) + (Module axioms)
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EX&W\P\E The ‘l‘lf\eory o’S: MOno'la(s —Tr"“hol (Singje~soﬂ‘eci)

Sorts - %
Operators  xi, Yk b M(x.9) % , b e: *

Axioms k% F M(e,x)= x : % |
Example The theory of pairs of o ring and its module Tmdl
Sorts FRng, F Md
Operotors - Rng , 4 : Rng | sum (x,Y) Rng Contexts
X+Y Il
X:Rng, 2:Md b act(x.2) Md  Variable

~ x- 2 declarat
o (Ring axioms) + (Module axioms) eclaration
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Models oF o heovy
A model of on algebraic. Tl'\eovy_“_ (in Set) consists of -

(\\ |'- g (2-) x‘ :O-‘ ) v xh : T :s:(x;,...,'x.v\) C

Mec € Set MO‘, X% Mo*h M%F M- in Set

st the oaxioms in T cre satictied

Yo

A W\OVPHSW\ between models is o fomi ly oF Function M — N

that preserves operators.

Mool(—ﬁ) . “H'\e C(l'feg_c\ry c))c W\odels o§ al



(Multisorted) Lowvere -I'|r\eory 63720
T - algebraic -I-|neory ~ CA(M) : a cotegory w/ $in.products

ObjeC'l'S - contexts (I1:A\,-~-, Xn - Av\)

MOVPL\‘(SMS: equ.\v. CIQSSQS O’F SQCLLLEV\CQS O'g: Terms

[t\,---;th]
')C"-At/..,,xm:Am ? yI:B‘/“y‘\JV\:Bh
1|3At, cevy X :Aw\ l" t'L : Bi W\odu’o P\r'ova‘ole_ eq_uan“‘l'y ‘il
Example CL(TMimnd ) [xey]
. —_—
XK, Y oLk | Z: %
~__ "

[ xe(eey)]



(Mu\"l’iSO\rTeoD Lawve\re ‘I’L\eO\ry (ctn.) 04/20

m o algeb\raic 'Hr\eory Movp‘nislmsi equiv. classes of sequences of terms

| te,o,t
~ Cq :a cotegory w/ Fin.products XotAd, o X An ! h]> Y :Bi,.. Ya:Bn
Objed’s - contexts (I\!A‘/..., L Av\) %t A , ey Km '-Aw\ l— 'ti, : B;_ w\odu’o Prova‘ole_ e_q_ua.“'l‘y in T

Terminals : the empty context
Binar\/ products * (Xt A, .., T An ) X (Y B, Yt B
= i|ZA\).../Ih:/A\V\,qj[:BI,---;\jW\:BIM

Proposition  Mod () = FinProd (CL(T), Set)




Genevalized algebraic 'H\eory (GAT) 05/ 20
I [ Cortmell 781

A‘gelovo.ic ‘I'Ineory with dePeho(eY\T sorts

E--X"“”\P'e The ﬂ\eovy oF categories Teot

— Ob
x:0b, Y:0b F Mow (2.Y)

L:0b k= idl(x) “Mov (x.)
X.Y.2:0b, ¥ Mor(x.4), 4:Mor(v.2) — comp(x.y,2,5.9) :Mor(x.2)

x:0b, §:Mov (x) = comp (x,x,y,id0).$) =F :Mor(x,y)



The syntactic cotegory of a GAT 07 /20

T GAT ~> CLM): a coctegory
OijCTS . contexts | X :AU Xat A (X)), -1, L Amlxy, ..\ Xoney)

Movp\r\isvns ) equ'\v. classes Of Seqguences O'S: tTermsS

[t\:'“)th]
I]zA‘/...’ IM:Am(x\/su, xw‘-|3 E— ’9|.’B‘/'°~/ .\jn:Bh(U‘)"'l\dh-|)

X - A‘ 5o p X - AM(ZU...)IW\_‘) I—— ’ti ; B:L(tl.---,-ti;-l)
modulo Provah\e eq_ua.li’l'y in

This Coj'ego\ry has finite Produc‘rs by +he some arguwxe,n‘r for ATs.



The syntactic category of a GAT (ctn) 08720

Deinition. A map in CL(T) that is isomorphic o

P
x(:A\,~-., X :AV\ (x")"-,x*\-l) —b X(:A"--~) x.i'.Ai(xh“-,x\'."l)

IS coJ\eol. Q d'\SPlay map (: o ?ibm—tiov\),

Proposition. CA(T) admits pullback o a o(isplay mop alov\g a map,

which s aga'm o} o(isplay map

Tdea| [ Y B, , G As(t 1) ? | Ay Au, Xyt A,,(’Cl) Xt Az (X, 20)
I v
l\jl:BI ? xl:Al/'Xa_:A)_(y-IS

Et“tl]



Clans 0% 720
Detinition [Toyal 171

A clon (£,4) is a category € with a class (A S Mor(©)

ST NASA e, (Z)AipB'BEBC eAﬁA}i»C e A

|
(3 3 et ' termnal @ ket X () el

&y 3 pP—C (6) % €A

FplT ren

A?B

COYO”O&Y’V CL(T) with OLISP,OLyeOL VV\O.PS ‘S:OV'YY\S Qa clam.




Clans (c‘m.) lo /20

@ Finite-product clan
C: o caty w/ ‘Fiv\.Pkoduc:('s

(& . Tproduct projections})
s a clan.
@ Finite-limit clan
€ a coaty w/ Fin.limits
(e {all mPgH is oclan.

In Purricular,
Set := (Set, All) is a clan.

Definition.

A clon morpk}sms (e,0)~(D.6)
15 o 'FuncTov F-.Cc —*Z)

thoct preserves d}sPlay maps

the terminal ,and the Pu“ ba_c_ks.

DeFinition
Mool (T):= CLAN (CL(TN), Set)




Functoriol semontics 11 /20

>y _?J:()C:;c Algebiic theory < Genernlized algebraic theory
Sorted. (Mul+tisorted ) , %
‘H’\eov'y L awvere -H\eovy _C_ Cov\'l'exfuo.\ cafeco,_ov-,es/
Sort-Free Ca’fegmfiﬁs w/ . Clane
’H'\QDV)' J.Fih’['l‘e Produds T
Cod'e,gory , DC&[I)/ S-[-yov\g_ly
C -
of models £ ivﬂ‘rely P\resew\'ab‘e T ‘OCO’“)’ ?(mfe.ly P\resen‘l'able

*1 There are o Plew\'y a? ca‘re_govico\ fkoumewovks fos» dePenolev\'t 17|>e. ﬁ\eory
with subtle differences.
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Simplcity itsels! 12 /20
Slogqn \

An a|aebraic theory is a simple>l= geheralized ol gebraic -Hr\eory

I+ is o GAT with no sort that is depeholen‘r oh others.
= The category of models has a SPec'laL\ propevty.

e 1+ is monaclic over Set T

I+ is regula\».

An examp\e oF non“simp|e GATs 1s Meot. ( Cot is not kegulav !)
vk Ob X  x:0b,Y:0b | Mor(x.y)

k The term is $rom Simp\y*‘l'ypeol lambola. caleuwlus .



Relotive simplicﬁy 13 /20

vV} Ob o Mor is simple
X  x:0b, Y:0b | Mor(x.y) ° i$ Ob is on the baseline.

Slogan 2 SimP[iciTy is just a relative hotion.

Detinition. T is simple  over T c

l% :FDV' e\/e\ry Sovrt S)'WIbO‘ ,- l_. A N —rl" [— ot __“_/

Example Tset has only one sort Ob and no operator and axiom

O Tt is simple (over the empty Tkeov'y)

@ Tecat is simple over Tset
The theory of cotegories with fixed set oF objects is simple.
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Definition. A clan (B,4) is 3ene_rc«:l'eol by aclass A" < A
| i A is the smallest clan structure on € contoining &

Pko]:os'i‘rion. [kN.] (&,a) is gevxem‘l‘eol. loy A” if

- . Xi.f A _ :
A = Xo_ex‘.e----a)(h Yil LéAUISo U{X%\}
Xitt —> Mia,

Example The clan CL(T) s generated by
{7 9By 2 (0| T F Beieexad 1‘

o —IrC.OL'(', { x:0pb) >, )(,3'.0‘3, ‘5:2Moy-()(,"j) —b> x,y:Ob-}




|5 /20
Definition. A clan morphism $:(t,AD)—>(D,0) i simPle
$ (0,0 is geneted by {Y¥ -+ F0) € B}, . o

Example
) Tl'\e. CIQV\ I'Y\OV'Plf\iSM 1 é(t'A) , — .'S SEW\P‘E "‘:’?

(e,A) is the ?ih'rl-e,—Proolud' clan algel:mic Tlneory.

° We have a Sivnp|e c‘om VnorPMSW\ C,Q('"_/)_’ C,Q(T) Wl'\eV\
T is s'nmple over T S T.

In particular, the following is simple .
CL(TMget) — C L (Teat ) , L %:0b,.., xa:0b ) P x,:Ob,..., % :Ob
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APP|ico.‘|"|oh'- Vegu\ak epimorphism odecomposition 16 /20

In a regular category, Strong epimorphisms = kegulouf ePiw\orPhisms

= In($) = A/Ker(F)

In Cat, strong epimorphisms = composites of 2 \reguhr epimorphisms

C D
B

¢.B B g 2 5 3
<A/ - \C> ’ <A/‘h‘\>c>
£ B 9 4
c/ker(®) = (A E 3¢

Question . How many Vegu\a\r eFfmothisw\S are. needed in Mod(T) 7



Simp\ic.'t‘l'y and kegu‘ar decomPosiTion |77 /1 20

Plropos i“|'l0V\ [kN.])

e 5, in CLAN , i: simple
If strong epimorphisms = composites oF N kegular ePivmorPh'\sms
in Moo (&
Ao in Mool (&),
Strong epimorphisms = composites of (n+1) Yegular ePimorphisms
in Mod(C)
Exam!ble

(1 2) O Tea) T Tt

simple SIIMPIQ



DePendency rank |8 /20

Definition.
Tn o GAT T, we inductively define the dependency rank dr(A)

Yor each well-Jormedl type " FA by
drr(A) = max {o(k(BB | B oppears v |—7( + 1

Exoumple. M|or

Tn Teat, dV(ObB = | , dk(“’\o#(x:‘j»Z 2 Ob




Measwring kegu\our O(Qco\mPosiﬁoV\ humber 19720

We cal Qa non—o(escending i

‘ - $(x): B : operator symbo\ 4
o | |_, + =g .‘B :QXiDYY\ = Y'(B)Z T%ﬁi dV(A)

When T is non-desceno(in% and. VV\OkX{olk(A\\ A in “ﬂ =n

we have a chain of GATs :

B < Tyco €S Tars)SE Tdypgn =T
This nduces
1o, CA(Meo) = =+ =, CACT)

simple simple simple



Main result 20 /20

Theorem . [ KN.]
T - hon-descending , max { dv(A)| Ain T} =1
= Ty Mod (),

Strong epimwph'lsms = composites o (n+1) kegula\r ePiw\othisms'

—xample
V\Co:l' ComPosiTeS og <V\+| ) regulaur ethoth'tsmS.
strMonCot | STrong _ \ y) “

epi morp hisms

stvDbl Cat « 3 «
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Conclusion Al /7TA3

Summo.vy

C Siw\plici‘ry (= ho iterofed o(epehdehcy) is a relative notion.
« Relotive simplicity is expressed as o property of clan morphisms.

° Simp\ic’ry of clan \mo\rphisms can imply co‘rego\r'lcd PmPekTies o

Cod’egokies o‘? models (like kegulour'l‘l‘y)

Future directions

e How much of GAT/ olependeyr\' Type 'H\eovy can be deve|o‘>eo(
purely with clans /+ribes.



Relotive ‘H\eory AL/A3

Pkopos'l‘l'iovx [kN.,]

C/Z) C . reflective full subclan , v S\w\P|e ,

1

Ni OLW\odel 05} t/.
= The category i* LN is of the Form Mod(ZIN1)

for o ?imife-P\mdad‘ clan CINT. In Po.k‘tic:u.\ak, It is kegulour-.
Example

e : 3
C'ﬂ'se't ci~; E'cho:l' S SIW\PIQ ,

A Mode\ of Mset is juS“'a set .

Then, (*["N = (i*yl(N) R ,{{ca:reg_or'les A with Ob(A)= /V}




Decomposi‘l'

ion number A3 /A3

Definition. [ Gabriel, Ulmer 11 Borgev 91 KN

The regulor (canonicel) decom

yosition number &(F) of A =, B

s the smallest ot ot which -

Ao, i Al

Hhe seq . S’rabtllles ( Ak ot 1505.
Aa3

A —>A, — A, —'»A

N\\g .

The g\obal re%ulav- (Cahohiwm

o a categor-y C is the smalle

o(ecomPoS Ition number § (&)
st v st. 5(Ff) < ¥
For any fin &



