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objects A : sets

'l'igl'\'t morPhisms AiB . functions
loose morphisms ALB ; (binoury) relations

cells R
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Rel is a cartesion equipment.



lkel (C) E regul&r [LQ'MBeH' 22] Double Categories

v o of Relations

c — w A Michael Lambert

objects A objects in €
'I‘ig_l'\'l' morphisms ASB : morphisms in €

loose movrphisms ALB . R>—=AxB in €
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Q -Rel Q.: cat. W/ 'Fin.pkoo(. & dist. coprool..

objects A : sets
tight morphisms A B : Functions

R
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Binary products
+ A~ Biha\ry relations

Unary relations

A, d ~ ComPosi'I'ior\ of velations

T, AN Iolen-riTy relotion

Logica\ SyS‘rem - Double ca:l'egoky
with A, T, 3,= of relations



Whot is o logica\ System with A,T,3,=7°
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Answer | [Lawvere '69]

Logical systems = Hypero(ocfrines

(elementary existential doctrines)
P: % —Pos

w/ some structure



Answer 2 [Ehrahd 88, Pavlovic 96, Jocobs 99)

Fibrations

Log'lcal sysTems =



Set theory Fibration € =B
Sets C € Set C €B

Functions C —'F—> D € Set @ —a D €8

Subsets R ¢ FEI -
$S —
Predicates RGe) (xe Q)
Substitution Ec <i Co R($exy) «— R()
3n.

Existential
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P(CxD)<_ P(c)

R(x.v) 3y R(x.v)



Answer 2 [Ehrahd 88, Pavlovic 96, Jocobs 99)

Loqical systems = Fibrations
: 7 f: & — B
Re3u|av logic Elemen'ravy existential

AT, =3 i Tibrations



B|\ (p) P : E "'"B = Fibz'ae.—- The class o‘.F elem. exist. 'yib.

cf. Fr in [Shulman 0g]
objects A ° objects in B

‘l‘igh‘t morphisms AiB ; Morph'lSW\s n B

R P
loose mO\rphisms A——B - Ri—> AxB
cells R
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Whot if we dont have 3 & =7

o Nor\-kegulo.r categories .
* Non-stable OFSs

* Non - elementary-existential fibrotions .



S+ill, we can define virtual cells !

Bino.rx A —R!—>B S, Xa
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Bi nary PVOO(WC"'S Biha\ry relad’ions
+ AN

Unary relotions + virtual ce“s

Logical system - Virtual double category
with AT of relations



Defintion A cortesion Tibration is

o cortesian objec‘l' in the 2-codt. Fib,

A !
P ="Pxp P _~_|

P:2 —B i Fib is cartesion

)'(n B has fin. products.
= (2) Every fiber €1 has Fin. pmo(uc‘fS.

| (3) Every base chamge preserves them.



Propos’rl'ion [N

3
F| : cartesion fibration ~» Bil (F) : a VDC
B

objects A © objects in B
‘l‘iglﬂ'l' morphisms ASB : morphisms in B

R. P
loose morphisms A——B : Ri— AxB
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Regulo.r cots. = Cots w/ fin. lim .
J (RegEpi ,Mone )
Stable OFSs | < | OFSs w/ fin.lim.
L Suby, Subp, l Sub

A\ 4

Elementary Existentiol| _ [ ian Fibrations
Fibrations
l Bil l Bil
=1 7?7 VDCs

Cortesion equipments




Bil (R) has some nice structure .

. . R(¥F,

‘I“' kO.S restrictions. A—l—ng
) o1 L9
A’TB'

e I+ is cartesion. A
Bil (P = Bil(P = Bil ()

A;P;_’B RxS !
x = AxC —— BxD Bil (R) = 1
C—é—>D

We call such a VDC o cortesian Fibrational VDC |



IR VA symmetkic monoidal ~ V-CAT is @ CFVDC

* A cartesion equipment underlies a CFVDC.



Theorem IN1  p: cort. Fibration

B is e|eMevrrary existentia] < Bil(P) is a cort. eqp.

In fact, we have a bipu'lba.ck 3



e € : acot. w/ Fin. lim,
Sub(€)
Rel(®) : cart.eqp. | cod : elem.exst.
o
[ Jacobs 94]
> € :regular

* @ : a cat. w/ Fin. prod.
@-Fam
Q- Rel : cart. eqp. l > elem.exst.

[N Set

& Q has distributive coprod.ud's,



Technical remark
A cortesion Fibration P: € —B is elementary existential if

3n Jixa
—
(') EA#B(% EA , EAxB(‘.L—EAquB .
T (1xa) 3
3n xa
(i) the Beck-Chevo.lley %A*B ;" EA_’ Eax — Caxgap
COhJi'l'lon 'FOV 3-,.;. ¢ 3 %0 , ('f"‘)l / J’f ¢ (-f"\)l % l(f:ﬂ*lv
Epvg 30 EA° € Axg — CAna«B
Compo.‘l'ibili'l'y of I3 and )* Jjma
3 "‘ alud"“
(iii) Frobenius reciprocity Caxg *EA — Ea > Ea Cas*Casn—— Enas
Sor I, Jixg . Asteth| 2 A Astegh|  ZA | A
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The last two conditions are encoded in the def. o
cortesian equipments, mos’rly in the p.seudo-ness of X
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Chamcfekizing_ double categories oF relations

Regular categories

Elemeh'tary existentiol ‘Filaro:l‘ions

10.2. THEOREM. If D is a ‘double category of relations’ with a subobject comprehension
scheme then the identity functor 1: Dy — Dq extends to an adjoint equivalence

Rel(Dy) ~ D.

In short, any ‘double category of relations’ with a subobject comprehension scheme is
equivalent to a double category Rel(&') for some regular category &.

Stoble factorization systems —

DCR. [Lombert 22]

[Hoshino, N. 25]

Cartesion
equipments




Regular categories

Stoble factorization systems —

Elemeh'tary existentiol ‘Fibro:l‘ions

Theorem 3.3.20 The following are equivalent for a double category D.

(i) D is equivalent to Relg p(C) for some category C with finite limits and a stable fac-
torisation system (E, M) on C.

(ii) D is a cartesian equipment with Beck-Chevalley pullbacks and an M-comprehension
scheme for some stable system M on V(D).

(iii) D is a cartesian equipment with Beck-Chevalley pullbacks and a left-sided M-
comprehension scheme for some stable system M on V(D).

(iv) Fib(D) is closed under composition, and D is a cartesian equipment with Beck-
Chevalley pullbacks and strong tabulators.

(v) Fib(D) is closed under composition, and D is a cartesian equipment with Beck-
Chevalley pullbacks and left-sided strong tabulators.

DCR [Lombert 22]

[Hoshino, N. 25]

Cartesion
equipments




Ckamc‘l'erizing_ double categories of relations

Regular categories

Stoble factorization systems

Elemeh'rary existentiol ‘Filaro:l‘ions

Q. D=~ Bil(P) (3peFib

Bil

—

)

& D satisfies whot ?

DCR. [Lombert 22]

[Hoshino, N. 25]

Cartesion
equipments




Beck-Ckeva“ey In equipments

A =— A

5] L9

B ¢ C s Beck‘Che.vo.l\ey

h] Lk

D == 10 A=—— A A == A

de$ 5] L3 § | oprest. |9
h Lk h) rest. |k
D == 10 D == 0

& 19 == hik'
EWal‘ers,Woool ’08]



The Frobenius oxiom

D : cart. eqp.
P e A
def a| l“
A €D is Frobenius & A x J,A — AIA is B.C.
Ax\ | %A

AxAxA == AxA=A

A A = (A%, (1xA) [Walters, Wood 08]

Exomple A € CAT is Frobenius & A groupoiol

A cort.egp. is Frobenius if all objects are Frobenius.



Theorem [V.]

IpeFib.; Dx=Bil(M < D is Frobenius

In ‘Fo.c.'l', Bil
Fib=03 &y ECLP Frob = EQ-Pco.r‘\'
Proo¥ idea A——A A=—— A
!l oprest. 14 & a | oprest l!
| ——AxA AxA —— |
—

induce SQ"f“O(.ual.l‘l'y on A [Cou'boni,Wal'rers ,87]
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Log'nc Fibrations VDCs
Reg,u.lo.k 'ogic Elemen-l-o.ry Frobenius
existentio. | carfesian
AT, =1 Fibrations equipments
Axioms Structures Structures
Pr’lnciP\es on 'P.ILPO."I.D'\S (0] 4 VDCS
x;I ‘— ‘P(x) PV'OP COW\PVEP\QY\S‘!OV\ ?
structure s

{x:1] e}

[Lowvere 69 . Ehvhard 88]



Fibrations

A comprehension IRt of
R € &1 is defined by -

Illlll-n

K B
Fla
iRY 4 |¥
Cr,

1

Double categories
A tobulator {RY of

T ST is defined by :

K : K<
a!l@.gp = |
F| ~ 1RT } IRy @ |9
Igl i l"k
N) : > T

R



Proposition [N.] p:€—-B € Fib_ 4

Every Re& hasa comPrekehsiov\.
(f

Every J —'3—>I In [Bnl(P) has a tobulator

e‘FFecﬁvehess o‘F Qo ‘I‘o.bula‘l'ov,

( Fu”ness o'F (s 8 Complr'el’\ehsion correspono(s +o )



Lagic

Function ex?ensiorxo.lify

V x §(x) = g_(x)
=$=9
Uniqueness of identity proofs

P.t:s=t = P="*F
Unique choice principle
RGx.9) : total , single-valued
= 35 R(x.v)= y=F=

Double categories
Unit- Pukify [Aleifer; 18]
A==A -
slv] = 70
B =—B P = idg
Sepam.\oi\i'l'y  A=—A
[Lock Walters Wood 10] 4 | rest. lA
AxA=E=AxA

Map-completeness
(Ca.uclny [Poré 21])

L s,
ALB = AZB

R [



Double 'Funcl'orial semantics

“The theory

of reloti ,
Regulaur theories e | Double theories

Assacioted
+heories

Syh‘l'oc'l' Ic l Associated. Syw\'ac‘l"\c l T
. ~

Fibrations theories equipments

A

: ' Bil : :
Fibrations

~pC _— @

Il FHECKIES

[Paré 091



| . The construction Bil
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Further questiohs
* How about monoidal fibrations T (cf. [Shulman "1]\
y E\emem-ary [existential -Fibm-rions, separo.'rely?

’ Log’ucal comple‘fiohs in Terms of double Co-‘f'eg_ories?



Further questions
* How about monoidal fibrations T (cf. [Shulman ’llﬂ
y E\emem-ary [existential -Fibm-rions, separo.'rely?

’ Log’ucal comple‘fior\s in Terms of double Co.‘l'eg_ories?

Why only binary relotions 7

Do virtual double categories capture what we want 7




De'P A virtual cortesian double category consists of
(v A (-?o:r/ unbw.seo() cartesian Mu\'l'lca-‘l'egory of

objects and 'hg}rr morphisms.
(2) Loose cells o(ependina on /CE;\ *
finite Families of objects.

—@5\®
chg

b}

N || p

(3) A fomily of sets of 2-cells

depending on frames .

(4) Composifioh of 2-cells
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T hank you /

I updoted the preprint as a standalone paper-.
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Fibs = Egpann i 1
| | A *A A x A
A lJ/ Ix4a

Fibco.rf [B_ll) FVDHCQF‘I‘ A*A"A — A"A xA
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. __ Cortesion equipments
. Regudo.v- Fibrations = with BC Pu“bo.cks

(Corollary 4 5)
0 Recovering the chavacterization o‘F FRQI(E'M)(C)
* Map~completion & cartesian \oica:l'egories

Bil L(-)

. ﬁ _— .
Flbx A=4 ;Jm-disc «— EqurOb,m—disc #} CartBlFrOb,m-diSC
uni Map(—)




